UNIT -2
TRIGONOMETRY

Learning Objectives

e To understand angle, angle measurementsand theirconversions.
e To define T-ratios of standard and allied angles, sum, difference and product formulae.

e To apply trigonometric formulae in solving engineering problems.

Introduction: The word trigonometry is derived from two Greek words : trigono meaning ‘a
triangle’ and metron meaning ‘to measure’. Thus literally trigonometry means ‘measurement of
triangles’. In early stages of development of trigonometry, its scope lied in the measurement of sides
and angles of triangles and the relationship between them. Though still trigonometry is largely used
in that sense but of late it is also used in many other areas such as the science of seismology,

designing electric circuits and many more areas.
2.1CONCEPT OF ANGLE

Definition : According to Euclid ‘an angle is the inclination of a line to another line’. An angle may

be of any magnitude and it may be positive or negative.

O Initial side X
P Vertex —Vve

Terminal Side

“ve Terminal Side

VerteX o nitial side X B

Fig. 2.1

Angle in any quadrant

Two mutually perpendicular straight lines XOX' and YOY" divide the plan of paper into four

parts XOY, YOX', X'OY and Y'OX"' which are called I, II, Ill, IV quadrants respectively.
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Measurement of Angle

Sometimes different units are used to measure the same quantity. For example, time is measured in
hours, minutes and seconds. In the same manner, we shall now describe three most commonly used

units of measurement of an angle.

(1) Sexagesimal OR the English system
(i) Centesimal OR the French system

(iii) Circular measure system.
Sexagesimal System (Degree measure)

In this system the unit of measurement is a degree. If the rotation from the initial side to
A TR . o .
terminal side is [%j of revolution, then the angle is said to have a measure of one degree and is

written as 1°.

th
A degree is further divided into minutes and a minute is divided into second [6_10j of a
1 th
degree is called a minute and (aj of a minute is called a second. We can write as :

1 right angle = 90 degrees (written as 90°)
1 degree (1°) = 60 minutes (written as 60")
1 minute (1") = 60 seconds (written as 60")
Centesimal System : (Grade Measure) In this system a right angle is divided into 100 equal parts,
each part called a grade. Each grade is further sub divided into 100 equal parts, called a minute and
each minute is again divided into 100 equal parts, called a second. Thus, we have
1 right angle = 100 grades (written as 1009)
1 grade (19) = 100 minutes (written as 100")
1 minute (1') = 100 second (written as 100™)
Circular System (Radian measure) : In this system the unit of measurement is radian. A radian is

the measure of an angle whose vertex is the centre of a circle and which cuts off an arc equal to the

radius of the circle from the circumference:

One radian is shown below:
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Thus a radian is an angle subtended at the centre of a circle by an arc whose length is equal to the
radius of the circle. One radius is denoted by as 1°.

TEC

n° =180° OR 5" 90°

We know that the circumferences of a circle of radius r is 2rr. Thus one complete revolution of the

initial side subtends an angle of 2nr i.e., 2m radian.

r

Relation between three systems of an angle measurement

C

90°=100° = =
2
OR

180° = 200° = 1 (e radius) { n:g}

Example 1. Write the following angles in circular measure
(i) 75° (i) 140°
Sol.: (i) We know that

-e O_T[_c
(i) 90" = >

¢ 1
1°==—x —
2 90

1400="x L x140 = 7%
2 90 9

Example 2. Find the centesimal measure of the angle whose radian measure are :

(i) = e

Sol.(i) We know that

C

100° = =
2
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T 1009
2

T _100
2
=200
%":%M:leog
C
T
ii — =100¢
(i) 5
™ — 100
2
¢ = 200

3 _ 200x = = 608
10 10

Example 3. Write the following angles in sexagesimal measure whose radians measures are:

.\ 7€ A
Ok (i) —
Sol : (i) We know that
c
90°=
2
n® =180°

= 180°% = = 36°
(i) We know that

n© =180°

™

™ _ 180°x L = 30°
6 6
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EXERCISE- |
1. Express in radians the followings angles
(i) 45° (i) 530° (iii) 40° 20’

2. Find the degree measures corresponding to the following radians measures

(Y (1Y 3 \°
0 @ " (E) (i (ﬂ

ANSWERS
1.G) T radians (i) 2% radians i) 221" radians
4 18 540
2. (i) 22°30' (i) 105° (iii) 42° 57 17"

2.2 TRIGONOMETRIC RATIOS OF ANGLES

Trigonometric ratios are used to find the remaining sides and angles of triangles, when some
of its sides and angles are given. This problem is solved by using some ratios of sides of a triangle

with respect to its acute angles. These ratios of acute angles are called trigonometric ratios.

Sign of fundamental lines

Let XOX' and YOY' be any two mutually perpendicular lines intersecting at O and dividing
the plane into four parts

Y
OX (towards the right) as +ve ‘
OX' (towards the left) as —ve
+ve
oY + X'
(upwards) as +ve 0 X
-ve
OY'(downwards) as —ve ‘
P
Yl
The revolving line OP is +ve in all its position. Fig 2.4

Trigonometric Ratios: Let a revolving line OP starting from OX, trace an angle £XOP = 6 where 0

may be in any quadrant. From P draw perpendicular on XOX'
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)
, 0
X M X
0
Y' Fig.25

So, in a right angled triangle, ratios are,

(i)

(ii)

(i)

(iv)

v)

(vi)

MP (Perpendicular)

is called the sine of angle 0 and written as sin 0.
OP  Hypotenuse J

OM E Base

is called the cosine of angle 6 and written as coso.
OP \ Hypotenuse

MP [Perpendicular

is called the tangent of angle 6 and written as tan ©.
oM Base

OM [ Base

- is called cotangent of angle 6 and written as cot 6.
MP { Perpendicular

OP ( Hypotenuse

is called secant of angle 6 and written as sec 6.
OM Base

OP ([ Hypotenus

- is called cosecant of angle 6 and written as cosec ©.
MP { Perpendicular

Relation between trigonometric ratios

(i)

(i)

(iii)

(iv)

tan 0 =

sin©0
cos O

sin0+cos’06=1

sec’6—tan’6=1

cosec’0—cot’0=1
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Signs of Trigonometric Ratios: The sign of various t-ratios in different quadrants are

(1) In first quadrant all the six t-ratios are positive.

(i) In second quadrant only sin 6 and cosec 0 are positive and remaining t-ratios are negative.
(iii)  Inthird quadrant only tan 6 and cot 6 are positive and remaining t-ratios are negative.

(iv) In fourth quadrant cos6 and sec 6 are positive and remaining t-ratios are negative.

The revolving line OP is always positive.

Y
1 |
sin and cosec All
+ +
tan and cot cosandsec X
+ +
Il v
Yl
Fig. 2.6

Exampled. In a AABC, right angle at A, if AB = 12, AC =5 and BC = 13. Find the value of sin B,
cos B and tan B.

Sol.  Inright angled AABC ;

Base = AB =12, C
Perpendicular = AC=5 /
13

Hypotenus = BC = 13 / 5
sinB = AC = S

BC 13 B

12 A

cosBzﬁzE Fig. 2.7

BC 13
tanB = AC = >

AB 12

87



Example 5. Ina AABC, right angled at B if AB = 4, BC = 3, find the value of sin A and cos A.

Sol : We know by Pythagoras theorem

AC? = AB? + BC? /

AC* =4 +3°

3
= 16+9=25 /

AC?=(52 .. AC=5 A

sin A= E:
AC
AB

Ccos A=

3
5
4
c
Example 6. If sin A = g find the value of cos A and tan A.

_ Perpendicular 3
Sol : We know thatsinA=——————=—.
Hypotenuse 5

By Pythagoras theorem C

AC? = AB? + BC? /

52 = AB? + 37 S

3
25=AB? +9 /

AB’=25-9=16 A

AB =4 Fig. 2.9

As Base 4
“®2= Hypotenuse 5

tan A = Perpendicular _ 3

Base 4

Example7. If cosec A = \/]3 Find the values of sin A, cos A.

Sol : We have cosec A =

Hypotenuse /10 / c

Perpendicular 1

1
In a right angled triangle ABC.By Pythagoras theorem. / ‘

AC? = AB? + BC? 3
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=

(v10)? = AB? +(1)?
10=AB?+1
AB2=9 L AB=3

AL Perpendicular 1
MM “Hypotenuse 10

_ Base 3
~ Hypotenuse /10

cos A

EXERCISE-I1I

In a right triangle ABC, right angle at B, if sin A= =, find the value of cos A and tan A.

alw

. Ina AABC, right angle at B, if AB = 12, BC =5, find sin A and tan A.
. Ina AABC, right angled at B, AB = 24cm, BC 7cm. Find the value of sin A, cos A

cosO+sin0

. If tan 6= E , find the value of — .
5 cosO—-sin o

4c0sO—-sin0

. If 3 tan 0 = 4, find the value of - .
2c0sO+sino

(L+sin0)(1—sin6)
(1+cos0)(1-cos)

. If cot 6= % . Find the value of

ANSWERS
.cosA:itanAz§ 2. sinA:i,tanA:i BLﬁ
5 4 13 12 25 25
§:4 5. 4 6. ﬂ
2 5 64
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T-Ratios of Standard Angles

The angles 0°, 30°, 60°, 90°, 180°, 270° and 360° are called standard angles. The value of 0°,
30°, 45°, 60° and 90° can be remembered easily with the help of following table:

Table 2.1
Angleo | 0° 30° 45° 60° 90°
sino | [0_o| [Fr | 2oL | B B[,
4 4 2 |N4 2[Na 2 N4
cos o f=1 §=£ gzi l:l 920
4 4 2 N4 2| N4 2 (N4
tan© 9=0 lzi Ezl §:\/§ fzo
4 3 3| \2 1 0

T-ratios of Allied angles :

Allied angles :Two anglesare saidto be allied angles when their sum or differences is either zero or a

multiple of 90°.

Complimentary angles : Two angles whose sum is 90° are called complement of each other. The

angle 6 and 90°-6 are complementary of each other.

Supplementary angles : Two angles whose sum is 180° are called supplementary of each other. The

angles 6 and 180°-6 are supplementary of each other.

The value of -6, 90 £0, 180 +6, 270 +6 and 360 +6 can be remember easily by the following
table.

Table 2.2
Angle Sin Cos Tan Remarks
-0 sin(-0) = —sin 6 cos(—0) = coso tan (—0) = tano

90 -6 coso sin 6 cot o Co—formulae apply
90 +6 coso —sin 6 —cot 6 Co—formulae apply
180 -6 sin 6 —C0s0 —tan 6
180+ 0 —sin 6 —C0s0 tan 6

270 -0 —Cc0s0 —-sin® cot o Co—formulae apply
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270+ 6 —Cc0s0 sin 0 —cot 6 Co—formulae apply
360 -0 —sin c0s0 —tan 6
360 + 6 sin 0 c0s0 tan 6

Example 8. Find the value of:

(i) sin 135° (ii) sin 300°.

Sol : (i) sin 135° = sin (90° + 45°)

=cos45°= ——=

2
OR
sin 135° = sin (180°- 45°)
=sin45°= —=
2
(i) sin 300° = sin (360°— 60°)
-
= —sin 60°= ——
2
Example9. Evaluate
(i) tan 120° (i) sin 150°

(V) sin(—690°)

*." sin(90° + @) = cos0

*.* sin(360°-0) = —sin 6

(iii) cos 300°

Sol : (i) tan 120° =tan(90° + 30°) = —cot 30° = —\/§

1
(i) sin 150° = sin(180°— 30°) = sin 30° = >

1
(iii) cos 300° = cos(360°— 60°) = cos 60° = >

(iv) cot 225° = cot (180° + 45°) = cot 45° =1

(v) sin (—690°) = —sin 690° = —sin (7 x 90° + 60°)

= cos 60° = + cos 60° =
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Example 10.Evaluate

(i) cos (-750°) (ii) sin (—240°) (iii) sin 765° (iv) cos 1050°
(V) tan (-1575°)

Sol : (i) cos (-=750°) = +cos 750°

=cos (2 x 360° + 30°)

V3

=cos 30°= —
2

(ii) sin(-240°) = —sin 240°

= —sin(180° + 60°)

= —sin 60°= —ﬁ
2
(iii) sin 765° = sin(2 x 360° + 45°)
. 1
=sin45°=—
V2
(iv) c0s(1050°) = cos (3 x 360°— 30°)

= cos(—30°) = cos 30° = —

(V) tan(—1575°) = —tan 1575°
= —tan (4 x 360° + 135°)
= —tan 135°
= —tan (180°— 45°)
=tan 45°=1

cos37°
sin53°

Ex. 11. Evaluate the following :(i) (ii) sin39°—cos51°

. €0s37° c0s(90°-53°) sin53°
Sol :(i) — = - =— =1
sin53° sin53° sin53°

(i) sin 39°—cos 51°
=sin (90°- 51°) —cos 51°

= cos 51°-cos 51° = 0.
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EXERCISE-III

1. Evaluate the following :
0 sin4l (i) tan 54 (i) cosec32
co0s49° cot36° sech8°

N

. Evaluate the following :

sin 36° B sin54°

(i) cosec25°— sec 65° (ii) cot 34°- tan 56° (iii)
cos54°  co0s36°

3. Find the value of :

(i) sin 300° (ii) sin(—)
ANSWERS
1 (@) 1 (i) 1 (i) 1 2. ()0 (i) 0 (i) 0
3. (i) —7 (i) 7

Addition and Subtraction Formulae

Addition Formulae :

Let a revolving line starting from OX, trace out an angle £XQOY = A and let it revolve further

to trace an angle £YOZ = B. So that £X0OZ = A + B (Addition of angles A and B).

z
P
A Y
K N
B
A
0 VI X
Fig. 2.11
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Subtraction formulae :

Let a revolving line, starting from OX, trace out an angle £XOY = A and let it revolve back
to trace an angle £YOZ =B. So that £XOZ = A —-B(Subtraction of Angle A and B)

A. Addition Formulae

(1) sin (A +B)=sin AcosB +cos AsinB

(2) cos(A+B)=cos AcosB—sinAsinB

tanA+tan B

3) tan(A+B)= ——
1-tanAtanB
cotAcotB-1

(4) cot(A+B)= ———
cotB+cotA
1+tan A

(5) tan(45+A)= —
1-tan A

B. Subtraction Formulae

@ sin (A —B) =sin A cos B —cos Asin B

2 cos (A—B)=cos Acos B +sin AsinB

tanA—-tanB

(3) tan(A-B)= ——
l+tan AtanB
cotAcotB+1

4) cot(A-B)= ———
cotB-cotA
1-tan A

(5) tan (45 - A)= ——
1+tan A
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Example 12.Evaluate
(i) sin 15°, cos 15°, tan 15° (i) sin 75°, cos 75°, tan 75°

Sol : (i) (a) sin 15° = sin (45°- 30°)

= sin 45°cos 30°— cos 45° sin 30° [ sin(A —B) =sin A cos B — cos A sin B]
_1¥8 11 V31
J2'2 272 22
(b) cos 15° = cos (60°— 45°) [ cos(A — B) = cosAcosB + sinAsinB]

= cos 60°cos 45° + sin 60° sin 45°

1 V31 143 1 5
-ﬁJr?-ﬁ— 22 —4(\/5 \/6)

© tan 15° = tan (45°- 30°)

N~

tan 45° —tan 30°

— __ tanA-tanB
1+ tan45°tan30° [tan A-B) = anatn B]
-1
3 _A3-1
1+ = V3+1
NE)
(ii) (@) sin 75° = sin (45° + 30°)
= sin 45°cos 30° + cos 45° sin 30° [.-sin(A+B) =sin AcosB + cos Asin B]

—i£+il_\/§+ 1 _\/§+1_\/6+\/§
22 22 22 22 22 4

(b) cos 75° = cos (45° + 30°)

= cos 45°cos 30°— sin 45° sin 30° [cos (A + B) = cos A cos B — sin Asin B]

S 1 V38 11 V8 1 31
272 272 22 22 22

©) tan 75° = tan (45° + 30°)

_ tan45°+tan 30°
1-tan 45°.tan 30°

[tan (A+B) = tan A+tan B ]

1-tanAtanB
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l+i

NE) _\/§+l

EC A

Example 13. Write down the values of :

(i) cos 68°cos 8° + sin 68° sin 8°
Sol :(i) cos 68°cos 8° + sin 68° sin 8°

= cos (68°— 8°)
1

=c0s 60° = —
2

(i) cos 50°cos 10°— sin 50° sin 10°

= cos (50° + 10°)
=c0s 60° = —

cosll1°+sinl1°

Example 14. Prove that -
cosl1°—sinl1®

cosll°+sinll®
cosll®—sin11°

Sol : L.H.S. =

sinl1°

+
- cpsllO
1_smll
coslle

_ l+tanll®
~ 1-tanll°

=tan 56° = R.H.S.

=tan(45°+11°)

(i) cos 50°cos 10°- sin 50° sin 10°

[cos(A — B) = cos A cos B + sin A sin B]

[cos(A + B) =cos A cos B —sin A sin B]

an56°

[Dividing the num. and denom. by cos 11°]

[tan (45° 4+ A) = 1+tanA]

1-tan A

Example 15. Prove that tan3A tan2A tanA = tan3A — tan2A — tanA.

Sol :  We can write,

tan 3A =tan (2A + A)

n2A +tan A
= tan3A = a a
1-tan2Atan A
= tan 3A —tan 3A tan 2A tan A =tan 2A +tan A
= tan 3A tan 2A tan A =tan 3A —tan 2A —tan A
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Example 16. Iftan A = \/§ tanB =2 —\/§, find the value of tan (A — B).

tanA+tanB  3+2-3

2

Sol :Using the formula; tan(A —B) =

2 2 1

2+\/§=2+\/§

tan(A - B) = 2++/3

. 1 .
Example 17. If A and B are acute angles and sin A= —, sinB =
J10
Sol :Given, sinA= Land sinB = i
B J1o NG
We know, cos A = +/1-sin? A and cosB=+1-sin’B
angles]
1 1
= cosA=,/1-— and cosB=,[1-—
10 5
9 4
= COSA=,[— and cosB=,/—
10 5
3 2
= COSA= —— and cosB= —
J1o 5

-3 2 1 1 _ 6 1
J1I0'\5 V105 B0 /50
-5 5 1 6F

J50 52 2

Hence A+B=%

Example 18. Prove that tan 70° = tan 20° + 2 tan 50°.

Sol :We can write;  tan 70° = tan (20° + 50°)
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L
N

[.'-

1-tanAtanB  1-3(2-3) 1-243+3

_ _ _ X2+\/§
4-2J3 2(2-3) 2-3 2+43

T
Prove that A+B =Z.

A and B are acute



= tan 70° = tan 20° + tan S0 [-.-tan(A+ B) =

1-tan 20°tan50°

tan A+tan B
1-tanAtanB

= tan 70°— tan 20° tan 50° tan 70° = tan 20° + tan 50°
= tan 70°- tan 20° tan 50° tan (90°— 20°) = tan 20° + tan 50°
= tan 70°— tan 20° tan 50° cot 20° = tan 20° + tan 50°
= tan 70°— tan 50° =tan 20° + tan 50° [ tan [ . cot [ =1]
= tan 70° = tan 20° + 2 tan 50°
Example 19. Prove that tan 13 A —tan 9A — tan 4A = tan 13A tan 9A tan 4A.
Sol : We can write; tan 13A =tan (9A + 4A)

tan13A = tan 9A + tan 4A ~tan(A+B) =
1-tan9Atan4A

tan A+tan B
1-tanAtanB

= tan 13A — tan 13A tan 9A tan 4A = tan 9A + tan 4A
= tan 13A — tan 9A — tan 4A =tan 13A tan 9A tan 4A

Example 20. Prove that tan 20 —tan 6 = tan 6sec 20
Sol : L.H.S. = tan20—tan®

sin26 sin® _ sin26cos®—cos26sin O
c0s20 coso €0s206c0s0

sin(20-6)  sin®
€c0s20c0sO cos20cos0O

[ sin(A — B) = sin A cos B —cos A cos B]

= ﬁ =tan 0sec20.
cos0cos 20

Example 21. Proveby using trigonometric formulae that; tan 65° = tan 25° + 2 tan 40°.
Sol : We can write; 65° =40° + 25°

tan 40° + tan 25°

tan 65° = tan (40° + 25°) =
1-tan40°tan 25°

tan 65°— tan 40° tan 25° tan 65° = tan 40° + tan 25°

tan 65°— tan 40° tan 25° tan (90°— 25°) = tan 40° + tan 25°
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tan 65°— tan 40° tan 25° cot 25° = tan 40° + tan 25°
tan 65°— tan 40° = tan 40° + tan 25° [+ tan O cot @ = 1]

tan 65° = tan 25° + 2 tan 40°

Hence proved

EXERCISE- IV
1. Evaluate (i) sin 105° (ii) cos 105° (iii) tan 105°.
tan 66° + tan 69°
2. Evaluate : (i) sin 22°cos 38° + cos 22° sin 38° (i)
1-tan 66°tan 69°
3. Prove that :

(i) sin 105° + cos 105° = cos 45°

(ii) cos A = —;—:and cos B = g where n< A <3?n;3?n< B <2m; find sin (A + B) and cos (A +

B)

) 1
(iii) Iftan A= — andtan B = —. Show that A+ B = E.
6 11 4

4. Prove that :
. cosl7°—sinl7°
(i) tan 28° = -
€0s17°+sinl7°
. c0s13°+sin13°
(ii) tan 58° = -
€0s13°—-sin13°
1 13
5. Ifcos A= 7 and cos B = 7 Prove that A — B = 60°. A and B are acute angles.
6. Prove that :
(i) tan 55° =tan 35° + 2 tan 20°
(ii) tan 50° =tan 40° + 2 tan 10°
(iii) 2 tan 70° = tan 80°— tan 10°
1 1 . -
7. Iftan A = 2 and tan B = 5 Show that A + B = 45°. Given that A and B are positive acute
angles.
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8. Iftan A= i,tanB:
a+l 2a+1

. ShowthatA+B:g.

9. Prove that \/§cos 23°—-sin23° =2co0s53°.

10. IFA+B = g. Prove that (L + tan A) (L + tan B) = 2.

ANSWERS

\/§+1 . 1—\/§ 1+J§

1. (i) 2\/5 (i) ﬁ (iii) m
2. (i) ﬁ (i) 1

2
3. (i) @&

221 221

Product formulae (Transformation of a Product into a Sum or Difference)

() 2 sin A cos B = sin (A + B) +sin (A - B)
(i) 2 cos Asin B =sin (A +B) —sin (A-B)
(iii) 2 cos Acos B =cos (A +B)+cos(A-B)
(iv) 2 sin A sin B =cos (A — B) —cos (A + B)
Aid to memory
2 sin A cos B = sin (sum) + sin (difference)
2 cos A sin B = sin (sum) — sin (difference)
2 cos A cos B = cos (sum) + cos (difference)

2 sin A sin B = cos (difference) —cos (sum)
Example 22. Express the following as a sum or difference
(i) 2sin 5x cos 3x (if) 2 sin 4x sin 3x

Sol :(i) 2sin 5x cos 3x = sin (5x + 3x) + sin (5x — 3X)

100

(iii) 8 cos 8x cos 4x



= sin 8x + sin 2x
(i) 2 sin 4x sin 3x = cos (4x — 3x) —cos (4x + 3X) = c0os X —COS 7X.
(iii) 8 cos 8x cos 4x = 4[2 cos 8x cos 4x] = 4[cos (8X + 4x) + cos (8x — 4xX)]

= 4[cos 12 x + cos 4X]

1
Example 23. Prove that cos 20°cos 40°cos 60°cos 80°= E .
1
Sol : L.H.S. =cos 20°cos 4005 cos 80°
1
= > (cos 20°cos 40°) cos 80°
1
= " (2 cos 20°cos 40°) cos 80°

1
= " (cos 60° + cos 20°) cos 80°

= i E + cos 200]00580o

= % % c0s80° + cos 20° cos 80°}

= %cos 80° + % (2cos20°cos 80°)}

I =
I 1

1
= § [cos 80° + cos 100° + cos 60°]
As cos 100° = cos (180°— 80°) = —cos 80°

1 1 1
= — [cos 80°-cos 80°+ —]= —= R.H.S.
8 2 16

Example 24. Prove that,cos 10°cos 50°cos 70°=

o5

1
Sol: LHS= > [cos 10°(2cos 50°cos 70°)]

1
= > [cos 10°(cos120 + cos 20°)]
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1 1
= — [cos 10°( —— + cos 20°
5 [ ( > )]
1 1
= —=0s10°+ = (2c0s10°cos 20°)
4 4
1 1
= - " cos10°+ 2 (cos30°+c0s10°)

= —lcosloo + lcos 30°+ 1coleo
4 4 4

1 1£=\/§

= =—cos30°== — =R.HS
4 4 2 8

3
Example 25. Prove that sin 20° sin 40° sin 60° sin 80°= B

V3 V3

Sol: LHS = 7sin 20°sin 40°sin80° [ sin60° = 7]

—.—sin 20°(2sin80°sin 40°)
2 2

&

= h sin 20°(cos 40° — c0s120°) "+ 2sinAsinB=cos(A-B)-cos(A+B)

&

= 5 (2sin 20°cos 40°) +§sin 20°

= ?(sin 60°—sin 20°) +§sin 20°

&

B B

= —sin60° ——sin 20°+ —sin 20°
8 8

%

WB_3 s
8 2 16

Transformation of a sum or difference into a product formulae

. . i . C+D__C-D
(1 sin C +sin D =2sin cos
2 2
C+D . C-D

(i) sin C —sin D = 2c0s sin
2 2
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(i) cosC+cosD= 2cosC;DcosC;D

(iv)  cos C —cos D = 2sin C; I:)sin D;C

Example 26. Express the following as product :
(i) sin 14 x +sin 2x (i) cos 10°—cos 50° (iii) sin 80°- sin 20°

14X + 2X 14x —2Xx
cos

Sol :(i) sin 14x + sin 2x = 2sin =2sin8x cos6X .

10°+50° . 50°-10°
sin

(i) cos 10°—cos 50° = 2sin = 2sin30°sin 20°

80°+20 sin 80°-20 = 2¢0s50°sin 30°

(iii)  sin 80°-sin 20° = 2cos

Example 27. Prove that

sinA+sinB . A+B ... €0s8X—cosbx  —sin2x

Q) =ta , (i) — - =
cosA+cosB 2 sinl7x —sin3x  cos10x

26 A+B__A-B
sinA+sinB sin 2 cos 2

cosA+cosB 2cosA+BcosA_B

2 2

Sol: (i) L.HS. =

A+B

j: RHS.

96i 99X +5x . 5x-9x
cos9x—cosbx <M TSI
sin17x —sin 3x 2COSl?x+3xsinl7x2—3x

(i) LHS. =

-2sin 7xs!n 2X _ —sin 2x _RHS.
2c0s10xsin7x  co0s10x

COS4X + C0S3X + COS 2X
Example 28. Prove that — - - =Ccot3x.
Sin 4x +sin 3X +Sin 2x

COS4X + C0S 2X + C0S 3X
Sin4x +sin 2x +sin 3x

Sol :
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4X + 2X 4x —2X
coS

2C0S +C0S 3X

T AX+2X AX-2x .
2sin cos +5in 3X
2C0S3X COS X +C0S 3X

2sin 3x cos x +sin 3x

cos3x(2cosx+1) cos3x

== =— = cot3X.
sin3x(2cosx+1) sin3x
Example 29. Prove that
0 sinA+sinB _ta A+B (i) sin7A +sin3A — tan5A.
cosA+cosB 2 cos7A +cos3A
sol (i) LHg= SNATSINE
cosA +cosB
. (A+B A-B
2sin > cos > ALB
= =tan =R.HS.
(A+Bj (A—B)
2C0s cosS
2 2
in7A+sin3A
(i) LHS = sin7A+sin3
cos7A +cos3A
. (7A+3Aj (7A—3Aj
2sin > cos >
= (7A+3A) (7A—3A) [Using CD formula]
2C0s cos
2 2
_ SINSACOS2A _ . ch _RHS.
COS5A cos2A
Example 30. Prove that
(i) sin47° +cos 77° =cos 17° (ii) sin 51° + cos 81° = cos 21°

(iii) cos 52° + cos 68° + cos 172° = cos 20° + cos 100° + cos 140°
Sol : L.H.S =sin 47° + cos 77°
=sin 47° + cos (90°- 13°) = sin 47° + sin 13°

47°+13°  47°-13° C+D C-D
Ccos

= 2sin [ sinC+sin D = 2sin 5 oS ]
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2 1
=2 sin 30°cos 17° = > cos 17° =cos 17° =RHS [ sin 30 = E]

(i) L.H.S. = sin 51° + cos 81° = sin (90°- 39°) + cos 81°

= cos 39° + cos 81° [ sin (90°-11) = cos]

81°+39°  81°-39°
s cos >

C+D C—D}
= 2co

[ cosC+cosD =2cos COoS
2 2

= 2 cos 60°cos 21°
1 1
=2 x 2 cos 21° =cos 21° R.H.S. [ cos60° = E]

L.H.S =cos 52° + cos 68° + cos 172°

52°+68°  68°-52°
cos

= 2C0S +c0s172°

= 2 cos 60°cos 8° + cos 172°
1
=2 X > cos 8° + cos (180°- 8°)

= c0s 8°-cos 8° =0 [ cos(180°—0) = —cos0]
R.H.S = cos 20° + cos 100° + cos 140°

100°+20° _ 100°-20°
0S cos

=2cC +c0s140°
=2 cos 60°cos 40° + cos 140°
1
=2 X > cos 40° + cos (180°— 40°)
= c0s 40°—cos 40° =0 [ cos(180°—0) = —cos0]

LHS=RHS
Example 31. cos A + c0s(120° - A) + cos(120° + A) =0

Sol: L.H.S =cos A+ cos (120°— A) + cos (120° + A)

120°+ A+120°-A 120°+ A-120°+A
= COSA+2c0S coS

2 2
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1
=cos A + 2 cos 120°cos A =cos A + 2(_Ej COSA

=cosA-cosA=0=R.H.S

EXERCISE-V

. Express as sum or difference:

(i) 2sin46cos 260 (if) 2 sin @cos 36

1
. Prove that sin 10° sin 30° sin 50° sin 70°= E )

1
. Prove that cos 20°cos 40°cos 80°= § .

. Prove that sin 10° sin 50° sin 60° sin 70°= —

. Express the following as a product :

(i) sin 76 +sin 360 (ii) cos 56 + cos 36
(iii) sin 56— sin 6 (iv) cos 20—cos 460
cos A —cos3A sin 7x +sin 3x
. Provethat: (i) ——— =tan2A (i)
Ssin3A-sin A COS 7X + C0S 3X

. Prove that cos 28°— sin 58° = sin 2°.

. Prove that :

(i) cos 52° =cos 68° +cos 172° =0
(ii) sin 50°—sin 70° =sin 10° =0

. Prove that \/§cos 13° +sin 13° =2 sin 13°.

sin11Asin A+sin7Asin3A

) - - =tan8A.
cos11Asin A+cos7Asin3A

ANSWERS
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1. (i) sin 66 + sin 26 (i) sin 46— sin 26

5. (i) 2 sin 56cos 260 (ii) 2 cos 36 sin 2 (iii) 2 cos 46cosf  (iv) 2sin 30 sin O

T—Ratios of Multiple and Submultiple Angles

i : . 2tan A
() sin2A=2sinAcosA= ————
1+tan” A
2
(if) COS2A=coszA—sin2A=2coszA—1:1—Zsin2A:w.
1+tan“ A
2tan A
(i) tan2A=_TNA
1-tan“ A
Remember

() sin(any angle) = 2 sin (half angle) cos (half angle)
(i)  cos (any angle) = cos? (half angle) — sin® (half angle)
=2 cos’ (half angle) — 1
=1 -2 sin? (half angle)

_ 1—tan’(half angle)
1+ tan®(half angle)

2tan(half angle)
1—tan®(half angle)

(iii)  tan(any angle) =

Remember

1—cos(double the angles)
2

(i) sin?(any angle) =

1+ cos(double the angles)
2

(i) cos’® (any angle) =

1—cos(double the angles)
1+ cos(double the angles)

(iii)  tan® (any angle) =
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T-ratios of 3A in terms of those of A
(i) sin3A=3sinA-4sin* A
(i)  cos3A=4cos’ A—3cos A

3tanA—tan’ A

iii tan 3A =
(i) 1-3tan’A

2.3 APPLICATIONS OF TRIGONOMETRIC TERMS IN ENGINEERING PROBLEMS

Height and Distance: Trigonometry helps to find the height of objects and the distance between

points.

Angle of Elevation : The angle of elevation is for objects that p

are at a level higher than that of the observer.
Anale of Elevation

ZXOP is called angle of elevation.

0 X
Fig. 2.13
Angle of Depression : The angle of depression is for objects that are at
a level which is lower than that of the observer. o X
ZXOP'is called angle of depression.
Pl
Fig. 2.14

Example 32. A tower is 100«/5 metres high. Find the angle of elevation of its top from a point 100

metres away from its foot.

Sol : Let AB the tower of height 100\/5 m and let C be a point at a distance of 100 metres from the

foot of tower. Let 8 be the angle of elevation of the top of the lower from point c.

In right angle ACAB B
AB =tano
BC
100~/3m
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10043

=tan o0
100

tangd = \/§= tan 60°
Fig. 2.15

= 6 = 60°,
Hence the angle of elevation of the top of the tower from a point 100 metre away from its foot is 60°.

Example 33. A kite is flying at a height of 60 metres above the ground. The string attached to the
kite is temporarily tied to a point on the ground. The inclination of the string with the ground is 60°.

Find the length of the string assuming that there is no slack in the string.

Sol : Let A be the kite and CA be the string attached to the Kkite such that its one end is tied to a point
C on the ground. The inclination of the string CA with the
ground is 60°.

B ——

In right angle AABC we have

- —

AB _ine 0 60°

AB _in6oe Fig. 2.16
AC
ﬂzﬁ or AC=@=40\/§m.
AC 2 J3
Hence the length of the string is 40\/§ metres.

Example 34. The string of a kite is 100 metres long and it make and angle of 60° with the horizontal.

Find the height of the kite assuming that there is no slack in the string.

Sol : Let CA be the horizontal ground and let B be the position of the kite at a height h above the
ground. The AB =h.

B
In right angle ACAB I
100m
h
AB =sin60°
CB l
c 60°
A
B hi100Y3
100 2 2 Fig. 2.17
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h= 50\/§ metres

Hence the height of the kite is 50\/5 metres.

Example 35. A circus artist is climbing from the ground along a rope stretched from the top of a
vertical pole and tied at a ground. The height of the pole is 12m and the angle made by the rope with
the ground level is 30°. Calculate the distance covered by the artist in climbing to the top of the pole

?

Sol : Let vertical pole AB of height in metres and CB be the rope.

B
In right angle ACAB T
Rope
E=sine=sin30° 1
CB 1
30°
12 1 ¢ _ A
— == ~ CB=24m Fig. 2.18
CcB 2

Hence the distance covered by the circus artist is 24 m.

Example 36. Two polls of equal height stand on either side of a roadways which is 40 metres wide at
a point in the roadway between the polls. The elevation of the tops of the polls are 60° and 30°. Find

their height and the position of the point ?

Sol : let AB = 40 metres be the width at the roadway. Let AD = h, BC = h metres be the two polls.
Let P be any point on AB at which the ngle of elevation of the tops are 60° and 30°.

Then ZAPD = 60° and ZBPC =30°

60° N\ P< 30°
A X (40-x) — B

40 metres
Fig. 2.19
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Let AP =X

Now from right angle A PBC

B—C:tan30°
BP
J3h =40-x

Again from right angle APAD

& = tan 60°
PA

h=\/§x

.. PB=40-x
or h _1
40-x 3
N0
o M-S
X
(1)

Substituting the value of h in egn. (i), we get

3x3x=40-x  or 3x=40-x
4x = 40 s0 X = 10 metres.

If x = 10 metres than h = «/§.10 = 17.32 metres (height of polls)

Hence the point P divides AB in the ratio 1 : 3.

1. A tower stands vertically on the ground from a point on the ground, 20 m away from the foot of
the tower, the angle of elevation of the top of the tower is 60°. What is the height of the tower ?

2. The angle of elevation of a ladder leaning against a wall is 60° and the foot of the ladder is 9.5m

EXERCISE- VI

away from the wall. Find the length of the ladder.

3. A ladder is placed along a wall of a house such that upper end is touching the top of the wall.

The foot of the ladder is 2m away from the wall and ladder is making an angle of 60° with the

level of the ground. Find the height of the wall ?

4. A telephone pole is 10 m high. A steel wire tied to tope of the pole is affixed at a point on the

ground to keep the pole up right. If the wire makes an angle 45° with the horizontal through the

foot of the pole, find the length of the wire.
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5. Akite is flying at a height of 75 metres from the ground level, attached to a string inclined at
60° to the horizontal. Find the length of the string to the nearest metre.

6. A vertical tower stands on a horizontal plane a is surmounted by a vertical flag—staff. At a point
on the plane 70 metres away from the tower, an observer notices that the angle of elevation of
the top and bottom of the flag—staff are respectively 60° and 45°. Find the height of the flag—
staff and that of the tower.

7. Accircus artist is climbing a 20 metre long rope which is tightly stretched and tied from the top
of a vertical pole to the ground. Find the height of the pole if the angle made by the rope with
the ground level is 30°.

8. A person standing on the bank of a river, observer that the angle subtended by a tree on the
opposite bank is 60°. When the retreats 20 metres from the bank, he finds the angle to be 30°.
Find the height of the tree and the breadth of the river ?

9. The magnitude of a radian is

(a) 60° (b) 57° 17 44.8"nearly (c) 58° 59 (d) None of these

10. Angular measurement of an angle is

(@) The number of degrees in an angle
(b) The number of radians in an angle
(c) The number of grades in an angle

(d) None of these
11. The angle subtended by an arc of 1 meter at the centre of a circle with 3 meter radius is
(a) 60° (b) 20° © 3 (d) 3 radian
12. sin(A+B).sin(A-B)=
(@) sin® A-sin’ B (b) cos® A - cos’ B
(c) sin (A? - B?) (d) sin® A - cos® B
13. The value of sin 60° cos 30° + cos 300° sin 330° is
@1 (b) -1 (©0 (d) None of these
14. If cos 6 = - % then tan @ is

12 12 12 12
@ "5 but not P (b) - and =

(© % and - % (d) None of these

15. The value of tan 380° cot 20° is

@0 (1 (c)tan*20° (d) cot? 20°
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sin 709

sin 1100

16. The value of the expression is

@2 ()0 ()1 (d) None of these

cos17%+sin17° _
" c0s17%-sin 179

(a) tan 17° (b) tan 62° (c) tan 29° (d) None of these

18. A tower is 200v/3 m high then the angle of elevation of its top from a point 200m away from its
foot is:

(a) 30° (b) 60° (c) 45° (d) None of these

ANSWERS
1. 203 2. 19m 3. 24/3m 4.141m5. 87m
6. 51.24mand70m 7. 10metres 8. h=17.32m, breadth 9. (b) 10. (b)
11. (c) 12. (a) 13. (d) 14. (b) 15. (b) 16. (c)

17. (b) 18. (b)
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UNIT 3
CO-ORDINATE GEOMETRY

Learning Objectives

e To understand and identify features of two dimensional figures; point, straight line and circle.
e To learn different forms of straight line and circle with different methods to solve them.
e Understand the basic concepts of two dimensional coordinate geometry with point, straight line

and circle.

3.1 POINT

Cartesian Plane: Let XO0X' and YOY' be two perpendicular lines. ‘O’ be their intersecting point

called origin. XOX' is horizontal line called X-axis and YOY' is vertical line called Y-axis. The plane

made by these axes is called Cartesian plane or coordinate plane.

The axes divide the plane into four parts called quadrant: Y o
1% quadrant, 2" quadrant, 3" quadrant and 4" quadrant 2" quadrant 1% quadrant

as shown in the figure. 0X is known as positive direction

of X-axis and 0X' is known as negative direction of X-axis. < X’ | (0]
|

X

Similarly, 0Y is known as positive direction of Y-axis and 3" quadrant 4™ quadrant

0Y' is known as negative direction of Y-axis.

The axes X0X' and YOY' are together known as rectangular

axes or coordinate axes. i
Fig. 3.1 Y’
Point: A point is a mark of location on a plane. It has no dimensions i.e. no length, no breadth and no

height. For example, tip of pencil, toothpick etc. A point in a plane is represented as an ordered pair of

real numbers called coordinates of point. TY
The perpendicular distance of a point from the F - -Y4axi§ is
P(x,y) :

1

1
called abscissa or x-coordinate and the perpendicular y |

1
distance of a point from the X-axis is called ordinate or < X’ ' 0]
X —>
y-coordinate. If P(x,y) be any point in the plane then xx

is the abscissa of the point P and y is the ordinate of the
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point P.
Fig. 3.2

Note: (i) If distance along X-axis is measured to the right of Y-axis then it is positive and if it is
measured to the left of Y-axis then it is negative.

(i) If distance along Y-axis is measured to the above of X-axis then it is positive and if it is measured
to the below of X-axis then it is negative.

(iii) The coordinates of origin ‘O’ are (0,0).
(iv) A point on X-axis is represented as (x, 0) i.e. ordinate is zero.
(v) A pointon Y-axis is represented as (0, y) i.e. abscissa is zero.
(vi) In 1* quadrant x > 0 and y > 0

In 2" quadrant x < 0 andy > 0

In 3" quadrantx < 0 and y < 0

In 4" quadrant x > 0 and y < 0.

Distance between Two Points in a Plane: Let A(x;,y;) and B(x,,y,) be any two points in a plane
then the distance between them is given by

AB=1/(x, - x, ) +(y, -y,

Examplel. Plot the following points and find the quadrant in which they lie:

(i) A(2,2) (i) B(-3,-1) (iii) C(~1,3) (iv) D(3,-2)
Sol. A Y
c-13. | 3
. 12 A@22)
N PR
Xt 0(050)15 3t x
B(—S,—l):' ————————————— - .
| S ! DG-2)
3




Y’
Fig. 3.3
By graph it is clear that

(i) PointA(2, 2)lies in the 1% quadrant.

(i) PointB(—3,—1)lies in the 3" quadrant.
(iii) PointC(—1, 3)lies in the 2™ quadrant.
(iv) PointD(3,—2)lies in the 4™ quadrant.

Example 2. Without plotting, find the quadrant in which the following points lie:
(i) A(2,-3) (i) B(—5,-6) (iii) C(4,3) (iv) D(—1,5)
(v) E(0,9) (vi) F(=3,0) (vii) G(0,-7) (viii) H(1,0)
Sol.
0] The given point is A(2, —3)
Here X-coordinate = 2, which is positive and Y-coordinate = -3, which is negative.
Hence the point A(2, —3) lies in 4™ quadrant.
(i) The given point is B(—5, —6)
Here X-coordinate = -5, which is negative and Y-coordinate = -6, which is also negative.
Hence the point B(—5, —6) lies in 3" quadrant.
(iii)  The given point is C(4,3)
Here X-coordinate = 4 > 0 and Y-coordinate = 3 > 0.
Hence the point C(4,3) lies in 1* quadrant.
(iv)  The given pointis D(—1,5)
Here X-coordinate = -1 < 0 and Y-coordinate =5 > 0.
Hence the point D(—1,5) lies in 2" quadrant.
(v) The given pointis E(0,9)
Here X-coordinate = 0 and Y-coordinate =9 > 0.
Hence the point £(0,9) lies on Y-axis above the origin.
(vi)  The given pointis F(—3,0)
Here X-coordinate = -3 < 0 and Y-coordinate = 0.

Hence the point F(—3,0) lies on X-axis left to origin.
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(vii)  The given pointis G(0,—7)

Here X-coordinate = 0 and Y-coordinate = -7 < 0.

Hence the point G(0, —7) lies on Y-axis below the origin.
(viii)  The given pointis H(1,0)

Here X-coordinate = 1 > 0 and Y-coordinate = 0.

Hence the point H(1,0) lies on X-axis right to origin.

Example3. Find the distance between the following pairs of points:
@) (0,5),(3,6) (i) (-1,2),4,3) (i) (2,0),(-3,-2)
(iv) (1,2),(4,5) V) (=23),(=57) (vi) (-=1,-3),(-2,-4)
ii) (@—b,c—d),(=b+c,c +d) (viii) (sind, cosh) , (—sind, cosd)
Sol.

0] Let A represents the point (0,5) and B represents the point (3,6).

So, the distance between A and B is:

AB=4/(3-0) +(6-5)

=BY +(1)* =,/ 9+1=+10units

(i) Let A represents the point (—1,2) and B represents the point (4,3).

So, the distance between A and B is:
AB=1(4~(-1))* +(3~2)"
=6 +(1)? =/ 25+1=+/26 units

(iii)  Let A represents the point (2,0) and B represents the point (—3, —2).

So, the distance between A and B is:

AB=y/(-3-2) +(-2-0)

=J(=5) +(= 2)* =/ 25+ 4 =~/29 units

(iv)  Let A represents the point (1,2) and B represents the point (4,5).

So, the distance between A and B is:

AB=4/(4—1) +(5-2)
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=@ +(3)° =/9+9
=18 =/9x 2 = 32 units

(v) Let A represents the point (—2,3) and B represents the point (—5,7).

So, the distance between A and B is:
AB=y/(-5(~2)f +(7-3)

=J(-5+2) +(4) ={/(-3)* + (a7
—/9+16=+/25 =5units

(vi)  Let A represents the point (—1, —3) and B represents the point (—2, —4).

So, the distance between A and B is:

A=l 2~ (C1F +(-4-(-3F

V2 (4 af =1 + -0
:m:ﬁunits

(vii)  Let A represents the point (a — b, c — d) and B represents the point (=b + ¢, ¢ + d).

So, the distance between A and B is:

AB=y/(-b+c—(a—b)P +(c+d—(c—d)p

~J(b+c—a+b)P +(c+d—c+dy

—Jc-al+(d+d)? =yc? +a?—2ac+(2d)’

=Jc? +a2+4d’ —2ac units

(viii)  Let A represents the point (sin, cosf) and B represents the point (—sin8, cosf).

So, the distance between A and B is:

AB=/(—sin @—sin ) +(cosd—cosO)’

= (= 2sin 6 +(0) =/4sin 0

=2sin dunits
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Example 4. Using distance formula, prove that the triangle formed by the points A(4,0),
B(—1,—1)and €(3,5) is an isosceles triangle.

Sol.  Given that vertices of the triangle are A(4,0), B(—1,—1) and €(3,5).
To find the length of edges of the triangle, we will use the distance formula:

Distance between A and B is
AB=y/(4~(-1)f +(0~(-1)?
=/(5)? +(1)? =,/ 25+1=+/26 units

Distance between B and C is

BC=1/(-1-3) +(-1-5)’

—J(=4) +(~6)° =,/16+36 =+/52 units

Distance between A and C is

AC=,/(4-3) +(0-5)

=) +(=5) =,/1+25=+/26 units
We can see that AB=AC =BC

Hence the triangle formed by the points A(4,0), B(—1,—1) and C(3,5) is an isosceles
triangle.

Example 5.Using distance formula, prove that the triangle formed by the points 4(0,0), B(0,2)and
C(¥/3,1) is an equilateral triangle.

Sol.  Given that vertices of the triangle are A(0,0), B(0,2) and C(v/3,1).
To find the length of edges of the triangle, we will use the distance formula:

Distance between A and B is

AB=4/(0-0) +(0—2)

=0 +(~2)* =\/0+4 =4 =2units

Distance between B and C is

BC =y(0-v3f +(2-1f
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V(3] +F = 3+1=a=2unis

Distance between A and C is

Ac=y(0-af +(0-1f

=\/(— \/5)2 +(~1 =,/3+1=v4=2units
We can see that AB=BC=AC

Hence the triangle formed by the points A(0,0), B(0,2) and C(¥/3,1) is an equilateral
triangle.

Example 6. Find the mid points between the following pairs of points:
(i) (2,3),(85) (i) (6,3),(6,—9) (iii) (=2,-4),(3,-6)
(iv) (0,8),(6,0) (v) (0,0),(-12,10) (vi) (a,b),(c,d)
ii) (@a+b,c—d),(=b +3a,c+d)

Sol.

0] The given points are (2,3) and (8,5).

So, the mid-point between these points is given by:

(ﬂyﬁj{@ §j:(5,4)

2 12 2°2
(i) The given points are (6,3) and (6, —9).

So, the mid-point between these points is given by:

(o302, 2 222 )

2 2 2 2
(iii)  The given points are (—2,—4) and (3, —6).

So, the mid-point between these points is given by:

B

(iv)  The given points are (0,8) and (6,0).

So, the mid-point between these points is given by:

(M,HJZ(E §j:(3,4)

2 2 2'2

120



(v) The given points are (0,0) and (—12,10).

So, the mid-point between these points is given by:

(0+(—12), 0+1oj=(—12 ,EJZ(—6,5)

2 2 2 2

(vi)  The given points are (a, b) and (¢, d).

So, the mid-point between these points is given by:

(a+c b+d]
2 2

(vii)  The given points are (a + b,c — d)and (—b + 3a,c + d).

So, the mid-point between these points is given by:

)

2 2

(a+b—b+3a c—d +c+d]_(ﬂ Ej
2

=(2a,c)

Example 7. If the mid-point between two points is (3,5) and one point between them is (—1,2),
find the other point.

Sol.  Let the required point is (a, b).

According to given statement (3,5) is the mid-point of (—1, 2) and (a, b).

- (3,5):(—1+a'2Lbj

2 2
2 2

= -l1+a=6 & 2+b=10
= a=7 & b=8

Hence the required point is (7,8).

Example8. If the mid-point between two points is (—7,6) and one point between them is (3, —9),
find the other point.

Sol.  Let the required point is (a, b).

According to given statement (—7, 6) is the mid-point of (3, —9) and (a, b).

= Cre(32 5
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3+a -9+b

= —=-7 & 6
2

= 3+a=-14 & -9+b=12
= a=-17 & b=21

Hence the required point is (—17,21).

Centroid of a Triangle: The centroid of a triangle is the intersection point of the three medians of the
triangle. In other words, the average of the three vertices of the triangle is called the centroid of the
triangle.

i.e. If A(xy, y1),B(x3,v,) and C(x3,y3) are three \
vertices of a triangle then the centroid of the \\\ y
\ 74
triangle is given by: T \
\\ l,
(X1+X2+X3 Y1+YZ+Y3J - OO 4
3 3 G-
. // \\\ T T=S b
In this fig.3.4, the point G is the centroid of the triangle. N\ \ N S
4 \
Fig. 3.4

Example9.Vertices of the triangles are given below, find the centroid of the triangles:
i) 52),(54),(8,6) (i) (4,-3),(-=48),(5,7)
(iii) (2,—4),(0,—10), (4,5) (iv) (9,-9),(5,8),(-=7,-2)

Sol.

0] The given vertices of the triangle are (5,2) , (5,4) and (8, 6).

So, the centroid of the triangle is

(5+5+8’ 2+4+6j:(%’%12(6,4)

3 3

(i) The given vertices of the triangle are (4, —3), (—4,8) and (5,7).

So, the centroid of the triangle is

4—4+5—3+8+7_§E_§4
3 '3 3'3) \3’

(ili)  The given vertices of the triangle are (2, —4), (0, —10) and (4,5).

So, the centroid of the triangle is
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[2+o+4,—4—10+5]=(6 —_9j=(2,_3)

3 3 33
(iv) The given vertices of the triangle are (9,—9),(5,8) and (-7, —2).

So, the centroid of the triangle is

9+5-7 —9+8-2) (7 -3) (7
3 ' 3 133 ) |3’
Example 10.  If centroid of the triangle is (10,18) and two vertices of the triangle are (1,—-5) and
(3,7), find the third vertex of the triangle.

Sol.  Let the required vertex of the triangle is (a, b).

So, according to given statement and definition of centroid, we get

- (10’18):(1+C;+a,—5+37+bj

1+3+a=10 & _5+T7+b:18

= 1+3+a=30 & -5+7+b=54
= a=26 & b=52
Hence the required vertex of triangle is (26,52).

Example 11.  If centroid of the triangle is (—5,—7) and two vertices of the triangle are (0,6) and
(—3,2), find the third vertex of the triangle.

Sol.  Let the required vertex of the triangle is (a, b).

So, according to given statement and definition of centroid, we get

- (_5’_7):(0—2+a,6+§+b]

N O—§+a=_5 & 6+2+b:

-7
= 0-3+a=-15 & 6+2+b=-21
= a=-12 & b=-29

Hence the required vertex of triangle is (—12, —29).

Example 12.  If centroid of a triangle formed by the points (1, a), (9, b)and (cz, —5) lies on the X-
axis, prove thata + b = 5.
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Sol.

Given that vertices of the triangle are (1,a), (9, b) and (c?, —5).

Centroid of the triangle is given by

1+9+c? a+b-5
3 3

By given statement centroid lies on the X-axis. Therefore, Y-coordinate of centroid is zero

N a+b—5=0
3

= a+b-5=0

= a+b=5

Example 13.  If centroid of a triangle formed by the points (—a, a), (¢2,b)and (d, 5) lies on the Y-

Sol.

axis, prove that ¢ = a — d.
Given that vertices of the triangle are (—a, a), (c?,b) and (d, 5).

Centroid of the triangle is given by

)

—a+c?+d a+b+5
3 3

By given statement centroid lies on the Y-axis. Therefore, X-coordinate of centroid is zero

_ 2
N a+c +d:o
3
= —a+c?+d=0
— cl=a-d

Hence proved.

Area of a Triangle with given vertices:

If (xq,¥1),(x5,y2) and (x3,y3) are vertices of a triangle then area of triangle is given by

1
A= ig[(xlyz —x2y1)+(x2y3 _X3y2)+(X3Y1 _les)]

To remember this we can take help of figure given below:

X Y1
_ 1 X2>><<Iy2
sy

X Y1
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Alternate Method: We can also find the area of triangle by the use of determinant if all the three

vertices are given. If (x1,y1),(x2,v,) and (x3,y5) are vertices of a triangle then area of triangle is
given by

A=+2
2

Xy =X, X — X3
Yi—Y, Yi—Y3

Note: (i) Area is always non-negative. So take the suitable sign that gives the non-negative value.
(ii) If A=0 then the three points don’t form triangle and these are collinear points.
Example 14.  Vertices of the triangles are given below, find the area of the triangles:
) B2),564),(07,2) (i) (1,3),(=45),(3,-4)
(iii) (-2,1),(2,-3),(5,5) (iv) (0,2),(3,6),(7,-5)
Sol.
0] The given vertices of the triangle are (3,2) , (5,4) and (7, 2).
Comparing these points with (x, y;),(x5,y,) and (x5, y3) respectively, we get
X1 =3,Y1=2%=5Yy,=4x3=7,y3 =2

So, area of the triangle is given by

1
A= ig[(xlyz —x2y1)+(x2y3 _X3y2)+(X3Y1 _les)]

ie. A= i%[(3x4—5><2)+(5><2—7><4)+(7><2—3><2)]
= A= J_r%[(12—10)+(10—28)+(l4—6)]

1 1 :
= A= J_rE[2—18+8]:i5[—8]=4sq.un|ts

Alternate Method
The given vertices of the triangle are (3,2) , (5,4) and (7, 2).
Comparing these points with (x4, y,),(x2, ¥2) and (x3,y3) respectively, we get
X1 =3,y1=2%,=5y,=4x3=7,y3 =2
So, area of the triangle is given by

Ao sl
2

Xy =X, Xy —X3 |
Yi—Y, Yi—Ys
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(ii)

(iii)

1/3-5 3—7‘
e A=+—
2|12-4 2-2
= A= il -2 _4‘
2|-2 0
1
= A=+-[(-2)0)-(-2)(-4)]
1 .
= A= i§[0—8]=4sq.un|ts

The given vertices of the triangle are (1,3), (—4,5) and (3, —4).
Comparing these points with (x, y,),(x5,y,) and (x5, y3) respectively, we get
x1=Ly1=3x=—4y,=5x3=3,y3 =4

So, area of the triangle is given by

A= i%[(xlh —x2y1)+(x2y3 _X3y2)+(X3Y1 _les)]
ie. A= i%[{lx5_(_4)x3}+{_4x(_4)_3x5}+{3x3_1x(_4)}]

= A

J_r%[(5+12)+(16—15)+(9+4)]

U
I |

[17+1+13]= [31]:15.5sq.units

The given vertices of the triangle are (—2,1), (2, —3) and (5,5).
Comparing these points with (x4, y,),(x2, ¥2) and (x3,y3) respectively, we get
X1 ==2,y1=1x=2,y, =-3x3=5Yy3=5
So, area of the triangle is given by
X1>< Y1

_ 1X2 yz

X yl
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= A= +=[(6-2)+(10-(~15))+(5+10)]

= A

J_r%[4+25+15]=J_r%[44]=225q.units

(iv) The given vertices of the triangle are (0,2), (3,6) and (7, —5).
Comparing these points with (x, y,),(x5,y,) and (x5, y3) respectively, we get
X1 =0y, =2x,=3,y,=6x3=7,y3 =-5
So, area of the triangle is given by
X Y1
A=zl X2>>§ V2
2 X3>< Y3

X VA

0 2

13><6
a2 >

217 -5

0 X 2

= A=+=[(0-6)+(-15-42)+(14-0)]

N

= A

i%[—6—57+14]=i%[— 49]=24.55q.units
Example 15.  If the area of the triangle with vertices (1,1), (x,0) , (0,2) is 4 sg. units, find the
value of x.
Sol.  The given vertices of the triangle are (1,1), (x,0) and (0, 2).
Comparing these points with (x4, y,),(x2, ¥2) and (x3,y3) respectively, we get
x1=Ly;=1x, =x,y,=0x3 =0,y3 =2
Also it is given that the area of the triangle is 4 sq. units

i.e. A=4sq.units 1)
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Now, area of the triangle is given by

. zlx Y1
A==+ 2><Iy
3
X1><y1
i.e.
1
1x ><I
*>lo ><Z
1 DX g
N A= i%[(O—x)+(2x—O)+(O—2)]
= A=+ ;[ x+2x-2]= 2[x 2]sq.units )

Comparing (1) and (2), we get

1
J_rz[x—Z]:4
= +[x—2]=8
= either x—2=8 or x—-2=-8
= either x=10 or Xx=-6

which is the required sol.
Example 16.  Prove that the triplet of points (4,7),(0,1), (2,4) is collinear.
Sol.  The points are (4,7),(0,1) and (2,4).
Comparing these points with (x4, y,),(x2, ¥2) and (x3,y3) respectively, we get
X1 =4,y1=7%x,=0,y, =1x3 =2,y3 =4
So by formula of area of the triangle, we get
Xy Y1
A=+ % Xzig ,
>< 3

X Y1
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4 7
A2 1[0 >y
e Y
4 7
= A= J_r%[(4—0)+(0—2)+(14—16)]
1
= A=i§[4—2—2]=0

which shows that the given points are collinear.

Example 17.  Find the value of x, in order that the points (5,—1) , (—4,2) and (x, 6) are collinear.

Sol.

The given points are (5,—1),(—4,2) and (x, 6).

Comparing these points with (x4, y;),(x5,y,) and (x5, y3) respectively, we get

X1 =5y1=—1x,=—4,y,=2x3=x,y3=6

Also it is given that the points (5, —1) , (—4,2) and (x, 6) are collinear

i.e.A=0 1)

Now, area of the triangle is given by

o N

1

= A iz[(10—4)+(—24—2x)+(—x—30)]

= A= i%[ﬁ—24—2x—x—30]=ir%[—3x—48]sq.units )
Comparing (1) and (2), we get

1
+= [~ 3x—48]=0
! [ax-ag
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= —-3x—-48=0

= —3x=48
48

- -
3

= X=-16

which is the required solution.

EXERCISE - |
1. The point (-3, -4) lies in quadrant:

(a) First (b) Second (c) Third (d) Fourth
2. Three points are collinear and A is the area of triangle formed with these three points, then
()A=0 (b)A>0 () A<0 d1
3. Find the distance between the following pairs of points:
() (-1,2),(4,3) (i)@-b,c-d), (-b+c,c+d)
4. Find the mid points between the following pairs of points:
(i) (0, 8), (6, 0) (i) @+ b, c-d),(-b+3ac+d)

5. The midpoint between two points is (3, 5) and one point between them is (-1, 2). Find the other
point.

6. Find the centroid of the triangle whose vertices are:

(1) (4,-3),(-4.8), (5, 7) (i) (9, -9), (5, 8). (-7, -2)
7. Find the area of the triangles whose vertices are:

(i) (1,3), (-4.5), @, -4) (i) (0, 2), (3, 6), (7, -5)

8. Prove that the triplet of points (4, 7), (0, 1), (2, 4) is collinear.

ANSWERS
1. (d) 2. () 3.()[V26] (i) [VeZ+ a2+ 4dZ—2ac] 4. (i) (3.4) (i) (2a,
c)

5. (7, 8) 6. (i) (5/3, 4) (i) (7/3,-1) 7.(i)15.5 (ii)24.5
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3.2  STRAIGHT LINE

Definition: A path traced by a point travelling in a constant direction is called a straight line.
OR

The shortest path between two points is called a straight line.

General Equation of Straight Line: A straight line in XY plane has general form

ax+by+c=0

where a is the coefficient of x, b is the coefficient of y and c is the constant term so that at least one
of a,b is non-zero.

Note: (i) Any point (x,,y,) lies on the line ax + by + ¢ = 0 if it satisfies the equations of the line
i.e. if we substitute the values x; at the place of x and y; at the place of y in the equation of line, the
result ax; + by, + ¢ becomes zero.

(i) X-axis is usually represented horizontally and its equation is y = 0.
(iii) Y-axis is usually represented vertically and its equation is x = 0.
(iv)x = k represents the line parallel to Y-axis, where k is some constant .

(V)y = k represents the line parallel to X-axis, where k is some constant .

Slope of a Straight Line: Slope of straight line AY

measures with tangent of the angle of straight

line to the horizon.

It is usually represented by m. <

|V a—

To find slope of a straight Line:

(i) If a non-vertical line making an angle 8 with positive X-axis then the slope m of the line is given

by m = tand.

(ii) If a non-vertical line passes through two points (x4, y;) and (x;, y,) then the slope m of the line
Yo Y1

isgivenby m=———.
X2 =%

(iii) If equation of a straight line is ax + by + ¢ = 0, then its slope m is given by m:—% .
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Note: (i) Slop of a horizontal line is always zero i.e., slope of a line parallel to X-axis is zero asm =
tan0° = 0.

(if) Slop of a vertical line is always infinity i.e., slope of a line perpendicular to X-axis is infinity as =
tan90° = oo .

(iii) Let L, and L, represents two straight lines. Let m; and m, be slopes of L, and L,
respectively. We say that L, and L, are parallel lines iff m; = myi.e. slopes are equal. We say that
L, and L, are perpendicular iff m;. m, = —1i.e., product of slopes is equal to —1.

Example 18.  Find the slope of the straight lines which make following angles:
(i) 45° (i) 120° (iii) 30° (iv) 150° (v) 210°
with the positive direction of X-axis.

Sol.

(i) Let m be the slope of the straight line and 6 be the angle which the straight line makes with
the positive direction of X-axis.
Therefore 8 = 45° and m = tanf
= m=tan 45°
= m=1
which is the required slope.
(i) Let m be the slope of the straight line and 8 be the angle which the straight line makes with
the positive direction of X-axis.
Therefore 8 = 120° and m = tanf

= m=tan120°
=  m=tan(180° - 60°)
= m=—tan(60°)

=  m=-43

which is the required slope.

(iii) Let m be the slope of the straight line and 8 be the angle which the straight line makes with
the positive direction of X-axis.
Therefore 8 = 30° and m = tanf

= m=tan30°
= m—i
J3

which is the required slope.

(iv) Let m be the slope of the straight line and 8 be the angle which the straight line makes with
the positive direction of X-axis.
Therefore 8 = 150° and m = tanf

= m=tan150°

=  m=tan(180° - 30°)

132



v)

which is the required slope.

Let m be the slope of the straight line and 8 be the angle which the straight line makes with
the positive direction of X-axis.

Therefore 8 = 210° and m = tanf

= m=tan 210°
=  m=tan(180° +30°)
= m=tan(30°)

1
= m=—

J3

which is the required slope.

Example 19.  Find the slope of the straight lines which pass through the following pairs of points:

Sol.

(ii)

(iii)

@) (2,5),(06,17) (i) (-8,7),(3,-5) (iii) (0,—6),(7,9)

(iv) (=11,-5),(=3,-10) (v) (0,0), (10,—12).

Given that the straight line passes through the points (2,5) and (6,17).
Comparing these points with (x;, y;) and (x,, y,) respectively, we get
Xx1=2,y9=5,x,=6andy, =17
Let m be the slope of the straight line.

Therefore m=22_J1
Xy, =X
17-5 12
= m="——--=%
6-2 4
= m=3

which is the required slope.

Given that the straight line passes through the points (—8,7) and (3, —5).
Comparing these points with (x4, ;) and (x, y,) respectively, we get
x1=-8,y7,=7,x,=3andy, = -5

Let m be the slope of the straight line.

Therefore m=22_J1
Xy =X
-5-7 -12
= - - ' _c
3-(-8) 3+8
12
= m=—-2
11

which is the required slope.
Given that the straight line passes through the points (0, —6) and (7,9).
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Comparing these points with (x;, y;) and (x,, y,) respectively, we get
X1 =0,y1=_6,x2 =7andy2=9
Let m be the slope of the straight line.

Therefore m=22_J1
Xy =X
- _9-(-6)_9+6
7-0 7
15
= m==>
7

which is the required slope.

(iv)  Given that the straight line passes through the points (=11, —5) and (-3, —10).
Comparing these points with (x;,y;) and (x,, y,) respectively, we get
x;=—-11,y;,=-5,x, =—-3andy, = —10
Let m be the slope of the straight line.

Therefore m=22_J1

X, =X
~-10-(-5) -10+5

= m= =
~3-(-11) -3+11
5
= m=——
8

which is the required slope.

(v) Given that the straight line passes through the points (0,0) and (10, —12).
Comparing these points with (x;,y;) and (x, y,) respectively, we get
x=0,y,=0,x,=10and y, = —12
Let m be the slope of the straight line.

Therefore m=22_J1
Xy =X
-12-0 -12
= m= -
10-0 10
6
= m=——
5

which is the required slope.

Example 20.  Find the slopes of the following straight lines:

(i) 2x+4y+5=0 (i) x=3y+9=0
(iii) 5y —10x+1=0 (iv) —2x —6y =0
(V) x=5 (vi) y=-6

Sol.

(1 Given that equation of the straight line is2x + 4y +5=0 .
Comparing this equation with ax + by + ¢ = 0, we get
a=2,b=4andc=5
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Let m be the slope of given straight line.

Therefore, m=-— %

2
= m=-—=
4
1
= m=-=
2

which is the required slope.

(i) Given that equation of the straight lineis =3y +9 = 0.
Comparing this equation with ax + by + ¢ = 0, we get
a=1,b=-3andc=9
Let m be the slope of given straight line.

Therefore, m=-— (LJ

Wk

which is the required slope.

(ili)  Given that equation of the straight lineis5y —10x +1=10.
Comparing this equation with ax + by + ¢ = 0, we get
a=-10,b=5andc=1
Let m be the slope of given straight line.

Therefore, m=-— (_—;Oj

= m=2
which is the required slope.

(iv) Given that equation of the straight line is —2x — 6y = 0.
Comparing this equation with ax + by + ¢ = 0, we get
a=-2,b=—-6andc=0
Let m be the slope of given straight line.

Therefore, m=-— %

which is the required slope.
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(v) Given that equation of the straight lineis=5 .
This equation is parallel to Y-axis.
Hence the slope of the line is infinity.

(vi)  Given that equation of the straight line is = —6 .
This equation is parallel to X-axis.
Hence the slope of the line is zero.

Example 21.  Find the equation of straight line which is parallel to X-axis passes through (1,5).
Sol.  Equation of straight line parallel to X-axis is given by
y=k
Given that the straight line passes through the point (1,5).
Putx =1andy = 5in (1), we get
5=k
So, y=5 be the required equation of straight line.

Example 22.  Find the equation of straight line which is parallel to Y-axis passes through (-3, —7).
Sol.  Equation of straight line parallel to Y-axis is given by

x=k
Given that the straight line passes through the point (=3, —7).

Putx = -3 andy = —7 in (1), we get
-3=k
So, x=—23 be the required equation of straight line.

Equation of Straight Line Passing Through Origin:

If a non-vertical line passes through origin and m Y

be its slope. P(x, y) be any point on the line

(see Fig. 3.6), then equation of °P(x,y)

straight line isy = mx 0 0 X

< T
Fig. 3.6

Example 23.  Find the equation of straight line having slope equal to 5 and passes through origin.
Sol.  Let m be the slope of required line. Therefore m = 5.

Also it is given that the required line passes through the origin.We know that equation of
straight line passes through origin is y=mx, where m be the slope of the line.
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So, y=>5xbe the required equation of straight line.

Example 24  Find the equation of straight line having slope equal to —10 and passes through

origin.

Sol.

Let m be the slope of required line. Therefore m = —10. Also it is given that the required
line passes through the origin.

We know that equation of straight line passes through origin is y=mx, where m be the slope
of the line. So, y=-10 x be the required equation of straight line.

Example 25.  Find the equation of straight line which passes through origin and makes an angle 60°

Sol.

with the positive direction of X-axis.

Let m be the slope of required line.
Therefore m = tan60°

= m =3

Also it is given that the required line passes through the origin. We know that equation of
straight line passes through origin is y=mx, where m be the slope of the line.

So, y=\/§ X be the required equation of straight line.

Example 26.  Find the equation of straight line which passes through origin and makes an angle

Sol.

135° with the positive direction of X-axis.

Let m be the slope of required line.
Therefore m = tan135°

= m=tan(l80°—45°)
= m = —tan 45°
= m=-1

Also it is given that the required line passes through the origin.We know that equation of
straight line passes through origin is y=mx, where m be the slope of the line.

So, y=—xbe the required equation of straight line.

Equation of Straight Line in Point-Slope form:

Let a non-vertical line passes through a point AY

(x4, y1) and m be its slope. P(x,y) be any point P(x,y)

on the line (see fig. 3.7), then equationof (x1,v1)

straight lineisy — y; = m(x — x4) - d 0 > X
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Example 27.  Find the equation of straight line having slope equal to 9 and passes through the point

(1,5).

Sol.

Let m be the slope of required line. Therefore m = 9.

Also it is given that the required line passes through the point (1,5). We know that equation

of straight line in point slope formis y—y; =m(x—x,).

y-5=9(x-1)
y—-5=9x-9
9x—y-9+5=0

b u Ul

9x—-y-4=0

which is the required equation of straight line.

Example 28.  Find the equation of straight line passes through (—4, —2) and having slope —8.

Sol.

Let m be the slope of required line. Therefore m = —8. Also it is given that the required line
passes through the point (—4, —2). We know that equation of straight line in point slope form

is Y-y, =m(x—x).

y—(-2)=-8(x~(-4)
y+2=—8(x+4)
y+2=—8x-32

8Xx+y+2+32=0

64 4 0y

8x+y+34=0

which is the required equation of straight line.

Example 29.  Find the equation of straight line passes through (0, —8) and makes an angle 30° with

Sol.

positive direction of X-axis.

Let m be the slope of required line.

Therefore m = tan30°

= m=—

J3

Also it is given that the required line passes through the point (0, —8).

We know that equation of straight line in point slope formis y-y, = m(x— xl).

> y-(-8)=%(c-0)
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=

=

y+8 .

J3
\/§y +84/3=x
X— \/§y ~8+/3=0

which is the required equation of straight line.

Example 30.

Find the equation of straight line passes through (—9,0) and makes an angle 150°

with positive direction of X-axis.

Sol.  Let m be the slope of required line.

Therefore m = tan150°

=

=

=

m =tan (180° —30°)

m =—tan(30°)
me—t
J3

Also it is given that the required line passes through the point (—9,0). We know that
equation of straight line in point slope formis y—y, =m (x - xl).

=

=

=

y-0=-—(x-(-9))

J3
- \/§y =X+9
x+\/§y +9=0

which is the required equation of straight line.

Equation of Straight Line in Two Points form:

Let a non-vertical line passes through two points Y

(x1,y1) and (x3, y2). P(x,y) be any point on the

line (see fig. 3.8), then equation of straight

lineis y—y; = (yz—y1> (x — xq1)

Example 31.

°(x1, 1)

°P(x,y)
°(x2,¥2)

X2—X1

7 V) > X

Fig. 3.8

Find the equation of straight line passes through the points (2, —2) and (0,6).

Sol.  Given that the straight line passes through the points (2, —2) and (0,6).
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Comparing these points with (x4, y,) and (x,, y,) respectively, we get

X1 =2,y1 =-2,x, =0and y, =6 . We know that equation of straight line in two points

slope form is

y-Y:= %}(X—XJ
SRR S e (R
= y+2= g}(x—z)
= y+2=—4(x-2)
= y+2 =—4x+8

= 4Xx+y-6=0
which is the required equation of straight line.

Example 32.  Find the equation of straight line passes through the points (0,8) and (5,0).
Sol.  Given that the straight line passes through the points (0,8) and (5,0).
Comparing these points with (x;, y;) and (x,, y,) respectively, we get

x; =0,y =8,x,=5and y, =0 . We know that equation of straight line in two points

slope form is
= y—8:(%)(x—0)
= y—8=_—zx

= 5y—-40=-8x
= 8x+5y—-40=0
which is the required equation of straight line.

Example 33.  Find the equation of straight line passes through the points (7, —4) and (—1,5).
Sol.  Given that the straight line passes through the points (7, —4) and (—1,5).
Comparing these points with (x4, ;) and (x, y,) respectively, we get

x1=7,y1 =—4,x, =—1and y, = 5. We know that equation of straight line in two points

slope form is
y—m{%j(x—xl)-
S s e

140



= y+4=—%(x—7)

= 8y+32=-9x+63
= 9x+8y-31=0
which is the required equation of straight line.

Equation of Straight Line in Slope-Intercept form:

Let a non-vertical line having slope m and its
y-intercept is equal to ¢. P(x,y) be any point
on the line (see Fig. 3.9), then equation

of straight lineisy = mx + ¢
X

Fig. 3.9

Note: (i) If intercept c is given above the X-axis or above the origin then it is positive.

(ii) If intercept c is given below the X-axis or below the origin then it is negative.

Example 34.Find the equation of straight line having slope 3 and cuts of an intercept —2 on Y-axis.

Sol.  Given that the slope m of straight line is 3 and Y-intercept is —2 i.e. ¢ = —2. We know that
equation of straight line in slope-intercept form is

y=mx+cC
= y=3x-2
= 3x—y-2=0

which is the required equation of straight line.

Example 35.Find the equation of straight line having slope —6 and cuts of an intercept 5 on Y-axis
above the origin.

Sol.  Given that the slope m of straight line is —6 and Y-interceptis 5 i.e. ¢ =5.
c is taken positive as Y-intercept is above the origin.

We know that equation of straight line in slope-intercept form is

y=mx+cC
= y=—6X+5
= 6Xx+y-5=0
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which is the required equation of straight line.

Example 36.Find the equation of straight line having slope 2 and cuts of an intercept 9 on Y-axis
below the origin.

Sol.  Given that the slope m of straight line is 2 and Y-interceptis —9 i.e. ¢ = —9. c is taken

negative as Y-intercept is below the origin. We know that equation of straight line in slope-
intercept form is

y=mx+c
= y=2x-9
= 2x-y-9=0

which is the required equation of straight line.

Example 37.  Find the equation of straight line which makes an angle 45° with X-axis and cuts of
an intercept 8 on Y-axis below the X-axis.

Sol.  Given that the required line makes an angle 45° with X-axis.
Therefore slope m of straight line is given by m=tan45° i.e. m=1.

Also Y-interceptis —8 i.e. ¢ = —8. c is taken negative as Y-intercept is below the X-axis.
We know that equation of straight line in slope-intercept form is

y=mx+c
= y=1x-8
= Xx—y—-8=0

which is the required equation of straight line.

Example 38.  Find the equation of straight line which makes an angle 60° with X-axis and cuts of
an intercept 5 on Y-axis above the X-axis.

Sol.  Given that the required line makes an angle 60° with X-axis.
Therefore slope m of straight line is given by m=tan60° i.e. m=+/3.

Also Y-interceptis 5 i.e. ¢ = 5. c is taken positive as Y-intercept is above the X-axis. We
know that equation of straight line in slope-intercept form is

y=mx+c
= y=\/§X+5
= V3x—y+5=0

which is the required equation of straight line.

Example 39.  Find the equation of straight line which passes through the points (0,3) and (2,0) and
cuts of an intercept 12 on Y-axis below the origin.
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Sol.

straight line is given by ng—_z i.e. mz—g . Also Y-inte

Given that the required line passes through the points (0,3) and (2,0). Therefore slope m of

rceptis —12 ie. c=-12.cis

taken negative as Y-intercept is below the origin. We know that equation of straight line in

slope-intercept form is

y=mx+cC
3
= =——x-12
Y 2
= 2y=-3x-24
= 3X+2y+24=0

which is the required equation of straight line.

Equation of Straight Line in Intercept form:

Let a non-vertical line having intercepts a
and b on X-axis and Y -axis respectively.
P(x,y) be any point on the line (Fig. 3.10),

then equation of straight line is

Example 40.
axis respectively.

Fig. 3.10

Find the equation of straight line which makes intercepts 2 and 5 on X-axis and Y-

Sol.  Given that X-intercept is 2 and Y-intercept is 5
iea=2andb =5
We know that equation of straight line in Intercept form is
a b
2 5
N SX+2y 1
10
= 5x+2y=10
= 5x+2y-10=0
which is the required equation of straight line.
Example 41.  Find the equation of straight line which makes intercepts 3 and —15 on the axes.
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Sol.  Given that X-intercept is 3 and Y-intercept is —15
i.ea=3and b =—-15

We know that equation of straight line in Intercept form is

_+X:1
b

3 -15
N Xy

3 15
- 5x—y=1

15

= 5x—-y=15
= 5x—-y-15=0

which is the required equation of straight line.

Example 42.  Find the equation of straight line which passes through (1, —4) and makes intercepts
on axes which are equal in magnitude and opposite in sign.

Sol.  Let the intercepts on the axes are p and —p
i.ea=pandb=—p

We know that equation of straight line in Intercept form is

a b

= 1+L=1
P —-p

= i—lzl
pp

= ﬂ=1
p

= X—y=p 1)

Given that this line passes through (1, —4).

Therefore putx = 1 and y = —4 in (1), we get

1-(-4)=p

= p=5
Using this value in (1), we get

X—y=5

= X—y-5=0

which is the required equation of straight line.
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Example 43.  Find the equation of straight line which passes through (1,4) and sum of whose
intercepts on axes is 10.

Sol.  Let the intercepts on the axes are p and 10 — p
i.ea=pandb=10—p

We know that equation of straight line in Intercept form is
Xy

—+==1
a b
= 1+L=1
p 10-p
(10-p)x+py _,
p(10-p)
=  (10-p)x+py=p(10-p) (1)

Given that this line passes through (1,4). Therefore put x = 1 and y = 4 in (1), we get
(10-p)@)+p(4)=p(0-p)
10-p+4p=10 p—p?
p?—7p+10 =0
p?-5p-2p+10 =0
p(p-5)-2(p-5)=0
(p-2)(p-5)=0
either p—2=0 or p-5=0
either p=2 or p=5
Put p=2 in (1), we get
=  (10-2)x+2y=2(10-2)
= 8x+2y=16
= 4x+ y=8 2
Put p=5 in (1), we get
=  (10-5)x+5y=5(10-5)
= 5x+5y=25
= X+Yy=5 @)

(2) and (3) are the required equations of straight lines.
Equation of Straight Line in Normal form:

Uyl

Let p be the length of perpendicular from the origin Y
to the straight line and a be the angle which this
perpendicular makes with the positive direction

of X-axis. (x,y) be any point on the line (see Fig.p

3.11), then equation of straight line is 0 X
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P = xcosa+ysina

Fig. 3.11

Example 44.  Find the equation of straight line such that the length of perpendicular from the origin

Sol.

to the straight line is 2 and the inclination of this perpendicular to the X-axis is 120°.
We know that equation of straight line in Normal form is

Xcosa+ysina=p (1)

where p be the length of perpendicular from the origin to the straight line and a be the angle
which this perpendicular makes with the positive direction of X-axis.

Here p=2and «=120°. Putting these values in (1), we get
Xx€0s120° +ysin120° =2

= xcos(180° —60° )+ ysin(180° —60° ) =2
)=2

= —xcos(60°)+ysin(60°
3=

= —X| = |+Yy|— |=2
2 2

- —x+—\/§y:2

2
= —x+\/§y=4
= —x+\/§y—4=0

which is the required equation of straight line.

Example 45.  Find the equation of straight line such that the length of perpendicular from the origin

Sol.

to the straight line is 7 and the inclination of this perpendicular to the X-axis is 45°.
We know that equation of straight line in Normal form is

Xcosa+ysina=p 1)

where p be the length of perpendicular from the origin to the straight line and a be the angle
which this perpendicular makes with the positive direction of X-axis.

Here p=7and a=45". Put these values in (1), we get

XC0s45° +ysin 45° =7

S €0
= X+y=7~2
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= x+y—7\/§=0

which is the required equation of straight line.

Angle Between Two Straight Lines:

Two intersecting lines always intersects at two angles in which one angle is acute angle and other
angle is obtuse angle. The sum of both the angles is 180° i.e. they are supplementary to each other.
For Ex, if one angle between intersecting lines is 60° then other angle is 180° —60°=120".
Generally, we take acute angle as the angle between the lines (see Fig. 3.12).

AY

Fig. 3.12

Let L, &L, be straight lines and m; & m, be their slopes respectively. Also, let 9, & 6, be the angles
which L; & L, make with positive X-axis respectively.

Therefore m; =tan(6,) & m, =tan(6, ). Let & be the acute angle between lines, then

m, —m,
1+m; m,

m, —-m,
1+m, m

tan 9= or tan 0=

Example 46.  Find the acute angle between the lines whose slopes are 1 and 0.
Sol.  Given that slopes of lines are 1 and 0.
Let m,=1and m, =0.

m, —m,

Also let @ be the acute angle between lines. Therefore, tané&=
1+m; m,
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= tan = i =
1+0
= tan ¢9=tan(£j
4
= 0==
4

which is the required acute angle.
Example 47.Find the acute angle between the lines whose slopes are 2 + /3 and 2 — /3.
Sol.  Given that slopes of lines are 2 + v/3 and 2 — /3.

Let m,=2++/3and m,=2-+/3.

Also let 8 be the acute angle between lines.

Therefore, tan@=|_Tr_M2

1+m; m,

(2+\/§)— (2—\/§)
= tan@=
1+{2++3)2-43)

2+/3-2+43

= tanf=| ———————
1+(4-3)
= tanfd= 22—\/§ = \/§
= tan 9=tan(£j
3

= 0==

3
which is the required acute angle.

1
Example 48.  Find the obtuse angle between the lines whose slopes are /3 and \/_§ :
Sol Given that slopes of lines are v/3 and L Let m,=+/3and m -
. p \/§- 1 - 2 _ \/§ .
. m, —m,
Also let 8 be the acute angle between lines. Therefore, tan9=| ——=
1+m; m,
o)

= tan 6= ?1

1+ \/§ —

(] %)
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3-1
= tan@= ﬁ
1+1
2
= tan 0= ——
23
1
= tanfd=—
V3
= tan 0=tan(30°)
= 0=30°

Therefore, 180° — @ is the obtuse angle between the lines.

i.e. 180° —30° =150"is the obtuse angle between the lines.

Example 49.  Find the angle between the lines whose slopes are —3 and 5.

Sol.

Given that slopes of lines are =3 and 5. Let m, =—3and m, =5.

Also let @ be the angle between lines. Therefore, tanf= w‘
1+m; m,

= tan 8= i

1+(-3)(5)
= tan o= —5_

1-15
= ang=| =2

-14
= tan ezf

7
= 0 =tan ‘{ﬂj

7

which is the required angle.

Example 50.  Find the angle between the lines joining the points (0,0) , (2,3) and (2,—-2), (3,5).

Sol.

Let m, be the slope of the line joining (0,0) and (2,3) and m, be the slope of the line joining
(2,—2)and (3,5) . Then

3-0 3
= m=——-=—
2-0 2

and m, :M=Z=7
3-2 1

Also let 8 be the angle between lines.
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m, —m
Therefore, tang=| ——2

1+m; m,
S
= tan 6= ZT
1+ — |7
NG
3-14
| 2
= tan = 5191
2
-1
| 2
= tan@= _E
2
= tanH:E
23
= H:tan‘l(g)
23

which is the required angle.

Example 51.  Find the angle between the lines joining the points (6, —5) , (—2,1) and (0,3),
(—8,6).

Sol.  Let m,be the slope of the line joining (6,—5) and (—2,1) and m,be the slope of the line
joining (0,3)and (—8,6) . Then

26 8 4
6-3 3
andm, =——=——.
-8-0 8
. m, —m
Also let @ be the angle between lines. Therefore, tan =] ———2
1+m; m,
2=
= tan &= 4 8
Sis
I+ —— || -2
4 8
3 3
_7+i
= tan &= 4 8
9
1+ —
32
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—6+3
| 8
= tan = 3219
32
-3
_|_ 8
= tan 8= ﬂ
32
= tan 8= _—Bxg
8 41
= tan0:2
41
= H:tan‘ltgj
41

which is the required angle.

Example 52.  Find the angle between the pair of straight lines

Sol.

(—2+V3)x+y+9=0 and (2++V3)x—y+20=0.
Given equations of lines

(—2+V3)x+y+9=0 (1)
and (2+V3)x—y+20=0 2)
Let m, be the slope of the line (1) and m, be the slope of the line (2).

= mlz_L}:—_\/g:z_\/é

andmZ:—2+1/§:2+\/§.

Also let @ be the angle between lines.

Therefore, tan@=| 12
1+m; m,

| =+3)-2++3)

= tan@= 1+(2_\/§)(2+\/§)
2-+3-2-43
= tan@=
114-3
= tan@= ﬁ‘
2

= tan 6':‘—\/§‘
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= tan 6?=\/§

= tan 9:tan[zj
3
= HZZ
3

which is the required angle.
Example 53.  Find the angle between the pair of straight lines
x+vV3y—8=0and x—v/3y+2=0.
Sol.  Given equations of lines
x+vV3y—-8=0

and x—V3y+2=0

Let m, be the slope of the line (1) and m, be the slope of the line (2).

1
= m=——
BNG]
andm 11
-3 3
Also let & be the angle between lines. Therefore, tan 6= My =M, ‘
1+m; m,
L1
= tan 6= V3 V3
H5lE)
V3 )\V3
_2
= tan 6= V3
1
1-=
3
_2
_|_3
= tan &= 3.1
3
_2
= tan 6= —‘/§
2
3
3
= tanf=|——
J3
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Example 54.

Sol.

3 343 343

= tanf=—= =
V3 3xd3 3
= tan9=\/§
= tan 49:tan(zj
3
= 0="

which is the required angle.

6x + 5y — 1 = 0 and passing through the point (2,—1).

Given that equations of lines are
6x+5y—1=0

Let m, be the slope of the line (1)

= m, = 0
l___'
5

Let m,be the slope of required line. Therefore, tan45" =

6 m
TR
= 1= 5
1+ _E (mz)
5
-6-5m,
5
l:
- 5-6m,
5
- 1-|6-°m
5-6m,
- 1 =6-5m,
5-6m,
= 5—-6m,=+(-6-5m,)

Taking positive sign, we get
5-6m,=+(-6-5m,)

= 5-6m,=—6-5m,
= -m,=-11
= m,=11

1+m m,

Find the equations of straight lines making an angle 45° with the line

m, —m,

So, equation of line passing through (2, —1) with slope 11 is

153

1)



y+1=11(x—-2)
= y+1=11x-22
= 11x-y-23=0 2
Now taking negative sign, we get
5-6m,=—(—6-5m,)

= 5-6m,=6+5m,
= —1Im, =1
1
= m,=—-—
11

So, equation of line passing through (2, —1) with slope —ﬁ is
1
+1=——(x-2
y 11( )

= 1ly+11=—x+2
= x+11ly+9=0 (3)

(2) and (3) are required equations of straight lines.

EXERCISE - 11
1. The slope of Y-axis is:

(@) Infinite ~ (b) 0 (©) 1/2 (d) 1

2. If two lines are intersecting at an angle of 60° then, the other angle between these two lines is:
(a) 120° (b) 60° (c) 90° (d) 180°

3. If the equation of straight line is ax + by + ¢ = 0, then slope of straight line is:
b a b
(a) - = (b) -5 ©2 @ ¢
4. The equation of a straight line passing through (x1, y1) and having slope m is:

@y-yi=m(x-xi) (b) X -x1=m(y - y1)

©y-yi=-m(x-x1) (d) None of these
5. Find the straight line which passes through the following pairs of points.

(i) (-11, -5), (-3, 10) (i) (0, 0), (10, -12)

6. Find the equation of straight line which makes an angle 60° with x-axis and cuts on intercepts 5 on
y-axis above the x-axis.
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7. Find the equation of straight line which passes through (2, 3) and makes equal intercepts in sign
and magnitude on axes.

8. Find the equation of straight line passes through (2, 4) and sum of whose intercepts on axes is 15.

9. Find the equation of straight line such that the length of perpendicular from the origin to the straight
line is 10 and the inclination of this perpendicular to the x-axis is 60°.

10. Find the angle between the lines joining the points (0, 0), (4, 6) and (1, -1), (6, 10)

11. Find the angle between the pair of straight lines (=4 + v3) x +y+9=0and (4 + v3) x -y +
10=0.

12. Find the equation of straight line making an angle 60° with the line 6x + 5y -1 = 0 and passing
through the point (1, -1).
ANSWERS

1.@ 2. 3.(b) 4. () 5.()15x-8y+125=0 (i) 6x+15y=0 6. y=~/3x+5

B3

X 3 tan1(7
+7y_10 10.  =tan (Ag)

7.xty=5 8 4¥_1 X, Y _1 o X
10 5 3 12 2

11. 9=tan‘l(_\/_%j 12. y+1=(%}(x—2); y+1=[5\/§+6](x—2)

63-5

3.3 CIRCLE

Circle: Circle is the locus of a point which moves in a plane such that its distance from a fixed point
always remains constant. The fixed point is called the centre of the circle and the constant distance is
called the radius of the circle.

In figure 3.13, C(h, k) be the centre of the circle,
rbe the radius of the circle and P(x, y) be the

moving point on the circumference of the circle.

Standard form of Equation of Circle: Let C(h, k) be the centre of the circle, r be the radius of the
circle and P(x,y) be any point on the circle, then equation of circle is

(x-h?+@-k?=r? 1)
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which is known as standard form of equation of circle. This is also known as central form of equation
of circle.

Some Particular Cases:

Let C(h, k) be the centre of the circle, r be the radius of the circle and P(x, y) be any point on the
circle:

(i)

(ii)

(iii)

(iv)

When the centre of the circle coincides with the origin i.e. h = k = 0: (see Fig. 3.14)

Thus equation (1) becomes:

= (x=0)* +(y—0)=r?,

= x> +y*=r?¢(0,0)

When the circle passes through the origin: (see figure 3.15)
Let CR be the perpendicular from the centre on X-axis. Therefore,

OR?+CR?=0C?*
= (h—0) +(k—0)* =r?

= h? +k?=r?

Thus equation (1) becomes: »  C(h, k)

P(x,y)

= (x=hP+(y-ky=h?+k*x’ 0 R
x?+h* =2hx+y? +k* -2k y=h®+k?

= x> +y?—2hx—-2ky=0

v

Fig. 3.15

>

When the circle passes through the origin and centre lies on the X-axis i.e. k = 0: (see figure

3.16)

In this case radius r = |h| Thus equation (1) becomes: A Y
= (x=h) +(y—0)*=h?
= x> +h?>-2hx+y*=h*x" O ¢(h0) <X q/_\
= x> +y*-2hx=0
v
Fig. 3.16

When the circle passes through the origin and centre lies on the Y-axis i.e. h = 0: (see Fig.

3.17)
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In this case radius r = |k|Thus equation (1) becomes: Y
= (x—0)* +(y—k)* =k?
=  X°+y*+k?-2ky=k?c(0,k) °
= x> +y?—2ky=0 X’ 0
Fig.3.17
(v)  When the circle touches the X-axis: (see figure 3.18) +
In this case radius r = |k|
Thus equation (1) becomes: = (x—h)* +(y —k)* =k C(h, K
= x> +h*—2hx+y® +k*>-2ky =k’ k 0
= x*+y*—2hx—-2ky+h* =0 X 0 X
< ¥ >
Fig. 3.18
(vi) When the circle touches the Y-axis: (see figure. 3.19) AY
In this case radius r = |h|Thus equation (1) becomes:
= (x=h) +(y—k)’=h? R
= x*+h*—2hx+y® +k?-2ky =h? h
= x*+y*—2hx—-2ky+k* =0 X 0 X
< >
7 Fig. 3.19
(vii) When the circle touches both the axes: (see figure 3.20) +
In this case radius r = |h| = |k|Thus equation (1) becomes:
= (x=h)*+(y—h)*=h? hC(h, h)
= x*+h*—2hx+y?>+h*-2hy =h® h
= x*+y>—2hx—2hy+h® =0 X Eg—=x >
v
Fig. 3.20

General Equation of Circle:
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An equation of the form x2 + y2 + 2gx + 2fy + ¢ =0 is known as general equation of circle,
where g, f and c are arbitrary constants.

To convert general equation of circle into standard equation:

Let the general equation of circle is
X*+y>+2gx+2fy+c=0 (2)
= (x2+29x)+(y2+2f y)+c:0
= (x2+29x+gz—gz)+(y2+2fy+f2—f2)+c:0
= (x+g)—g?+(y+ ) —f?+c=0
= (x+g) +(y+f)y=f>+g°—c

R (x+g)f +(y+ 1 =[Ja?+ 12 —cf

which is the required standard form. Comparing it with (x — h)? + (y — k)? = r?, we get

h=-g,k=—fand r=4g°+f%—c.

Hence, centre of given circle (2) is (—g ,— f) and radius is /g2 + f 2 —c . We observe that the

centre of circle (2) is (—%xCoefficiert of x,—%xCoefficiert of yj .

Equation of Circle in Diametric Form:

Let A(x,,y,) and B(x,,y,) be the end points of diameter of a circle then the equation of circle is
given by

(X_ Xl)(x_ X2)+(y_ Y1)(y_ Y2 ):0

Example 55  Find the centre and radius of the following circles:

(i) x>+y>+2x+4y—-4=0 (i) x*2+y?—6x+10y+3=0
(iii) x> +y?—-3x—5y—-1=0 (iv) 2x>+2y?+5x—6y+2=0
(v) 3x>+3y?—6x—15y+12=0 i) x2+y?—12y+6=0
(vi)x2 +y2+10x—3 =0 (viii) x> +y2+7x—9y =0

Sol.
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(i)

(ii)

(iii)

Given that equation of circle is

x2+y2+2x+4y—4=0 (1)
Compare (1) with x? + y? + 2gx + 2fy + ¢ = 0, we get

20=2,2f=4and c=-4

ie.g=1, f=2and c=—-4.

We know that centre of circle is given by (— g,— f )and radius r is given by /g2 + f2 —c

Therefore, centre of circle (1) is (—1,—2) and radius r of circle (1) is

= r=vl1+4+4
= r=+9=3

Given that equation of circle is
x*+y*—6x+10y+3=0 2)
Compare (2) with x? + y? + 2gx + 2fy + ¢ = 0, we get

20=-6, 2f =10 and c=3ie.g=-3, f=5and c=3.

We know that centre of circle is given by (— g,—f )and radius r is given by

g%+ f? —c. Therefore, centre of circle (2) is (3,—5) and radius r of circle (2) is

r=+(-3)° +5°-3

= r=+9+25-3

=  r=431

Given that equation of circle is

x> +y2—-3x—-5y—-1=0 (3)

Compare (3) with x? + y? + 2gx + 2fy + ¢ = 0, we get

2g=-3,2f=-5and c=-1

i.e.g:—§, f:—E and c=-1.
2 2

We know that centre of circle is given by (— g,— f)and radius I is given by /g® + f? —c

35
Therefore, centre of circle (3) is [EEJ and radius r of circle (3) is
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9 25
= r=,/—+—+1
4 4
9+25+4 38
= r=1/—: =
4 4
19
= r=,—
2

(iv)  Given that equation of circle is
2x>+2y2+5x—6y+2=0
Diving this equation by 2, we get
x2+y2+§x—3y+1=0 4)
Compare (4) with x? + y? + 2gx + 2fy + ¢ = 0, we get

-3 and c=1

5
29=—, 2f
J 2

i.e.gzg, f:—§ and c=1.
4 2

We know that centre of circle is given by (— g,— f) and radius r is given by,/g? + f? —c

5 3
Therefore, centre of circle (4) is (— Z , Ej and radius r of circle (4) is

2 2
SOECE
4 2
r= §+2_1
16 4
/25+36—16 /45
= =, |——= —_—
16 16

4

(V) Given that equation of circle is
3x2 +3y2 —6x— 15y +12 =0
Diving this equation by 3, we get
x>+ y2—2x—-5y+4=0 (5)
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Compare (5) with x? + y? + 2gx + 2fy + ¢ = 0, we get

20=—-2,2f=-5and c=4

ie.g=-1, f:—g and c=4.

We know that centre of circle is given by (- g,— f ) and radius r is given by,/g? + f2 —c

5
Therefore, centre of circle (5) is (1§j and radius r of circle (5) is

= r=1/l+§—4
4
4+ 25-16 13
= r=|————= /_
4 4

/13

= r=——
2

(vi) Given that equation of circle is
x2+y2—-12y+6=0 (6)
Compare (6) with x? + y? + 2gx + 2fy + ¢ = 0, we get

29=0, 2f =-12 and c=6

i.e.g=0, f=—6 and c=6.We know that centre of circle is given by (—g = f)

and radius r isgivenby /g®+ f%—c.

Therefore, centre of circle (6) is (O,G)and radius r of circle (6) is

r=y(0)* +(-6)* -6
= r=4/0+36-6
=  r=4/30

(vii)  Given that equation of circle is
x> +y2+10x—-3=0 (7)
Compare (7) with x? + y? + 2gx + 2fy + ¢ = 0, we get

29=10, 2f =0 and c=-3
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(viii)

ie. g=5, f=0and c=-3.

We know that centre of circle is given by (- g,— f )and radius r is given by /g2 + f2 —c
Therefore, centre of circle (7) is (— 5, O) and radius r of circle (7) is

r=y(5)° +(0 -(-3)
—  r=+25+0+3=+/28

= r=27
Given that equation of circle is
x2+y2+7x -9y =0 (8)

Compare (8) with x? + y? + 2gx + 2fy + ¢ = 0, we get
29=7,2f=-9 and c=0

i.e.g:Z, f:—g and ¢=0.
2 2

We know that centre of circle is given by (— g,— f)and radius I isgiven by \/g® + f* —c

79
Therefore, centre of circle (8) is (— EE) and radius r of circle (8) is

SURSR

\/49+81 130
- = = |—
4 4
65
= r=,—
2
Example 56.  Find the equations of circles if their centres and radii are as follow:
(i) (0,0),2 (i) (2,0),5 (i) (0,-3),3
(iv) (8,-4),1 (v) 36),6 (vi) (=2,-5),10

Sol.

(i)

Given that centre of circle is (0,0) and radiusis2 i.e. h=0,k=0andr = 2.
We know that the equation of circle, when centre and radius is given, is

(x=h) +(y—k)’ =r?
=  (x=0)*+(y—0)* =22
= X*+y?=4
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= x?+y?—4=0

which is the required equation of circle.

(i) Given that centre of circle is (2,0) and radiusis5 i.e. h=2,k=0andr =5.
We know that the equation of circle, when centre and radius is given, is

(=) +(y—k ) -
=  (x=2)*+(y—0)*=5?
= X?+4—-4x+y*=25
= x?+y?—4x-21=0

which is the required equation of circle.

(iii) Given that centre of circle is (0,—3) and radiusis3 i.e. h=0,k =—-3andr = 3.
We know that the equation of circle, when centre and radius is given, is

(x=h)* +(y—k)*=r?

(x=0) +(y—(-3))* =3
X2 +(y+3)° =32
x> +y?+9+6y=9

b 44y

x> +y>+6y=0
which is the required equation of circle.

(iv) Given that centre of circle is (8, —4) and radiusis1 i.e. h=8,k=—4andr = 1.
We know that the equation of circle, when centre and radius is given, is

(x=h)* +(y—k)* =r?

= (x-8) +(y~(-4))’=1"
=  (x—8f +(y+4) =17
= x> +64-16x+Yy°+16+8y=1
= x> +y® -16x+8y+79=0
which is the required equation of circle.

(V) Given that centre of circle is (3,6) and radiusis 6 i.e. h=3,k=6andr = 6.
We know that the equation of circle, when centre and radius is given, is

(x=h) +(y—k)’ =r?
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= (x=3f +(y—6)* =67

= X°+9-6x+y>+36-12y=36
= Xx°+y?-6x-12y+9=0
which is the required equation of circle.

(vi)  Given that centre of circle is (—2,—5) and radius is 10 i.e. h = -2,k = —5and r = 10.
We know that the equation of circle, when centre and radius is given, is

(<) +(y—k)' =r°

= (x=(-2) +(y-(-5)f =10°
= (x+2)* +(y+5)° =100
= X*+4+4x+y*+25+10y=100
= x*+y?+4x+10y-71=0

which is the required equation of circle.

Example 57.  Find the equation of circle whose centre coincides with origin and radius is 4.
Sol.  Given that centre of circle coincides with origin i.e. h = 0, k = 0 and radius r = 4.

We know that the equation of circle, when centre and radius is given, is
(x=h)* +(y—k)*=r?

=  (x=0)*+(y—0)* =42

= x*+y?=16

= x> +y®-16=0

which is the required equation of circle.

Example 58.  Find the equation of circle whose centre is (—5,4) and passes through the origin.
Sol.  Given that centre of circle is (—5,4) i.e. h = =5,k = 4.
Also the circle passes through origin.

Therefore radius is given by

r=y(-5-0) +(4-0)
~  r=Br16=Val

We know that the equation of circle, when centre and radius is given, is

(c—h) +(y—k) =r*

= (x+5)° +(y—4)’ :(\/4_1>2
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= X*+25+10x+y* +16-8y=41
= x> +y?+10x-8y=0
which is the required equation of circle.

Example 59. Find the equation of circle with radius 4 whose centre lies on X-axis and passes

Sol.

through the point (2, —4).

Given that centre of circle lies on X-axis. Let the centre is (h,0) i.e. k = 0. Also, given that
radius r=4. We know that the equation of circle, when centre and radius is given, is

(x=h) +(y—k)*=r"

= (x=h)*+(y-0)° =(4)

= x> +h*-2hx+y*=16

= x*+y?-2hx+h*-16=0 ... (1)
Also the circle passes through (2,—4). Putx = 2 and y = —4 in (1), we get

22 +(—4) —2h(2)+h?-16=0

44+16—4h+h*-16=0
h? —4h+4=0
h?-2h—-2h+4=0
h(h-2)-2(h-2)=0
(h—2)(h—2)=0
h—2=0

h=2

Put this value in (1), we get

A

x> +y?—2(2)x+2°-16=0

= X*+y?—4x+4-16=0
= x?+y?—4x-12=0
which is the required equation of circle.

Example 60. Find the equation of circle with radius 3 whose centre lies on Y-axis and passes

Sol.

through the point (—3,1).
Given that centre of circle lies on Y-axis. Let the centre is (0,k) i.e. h = 0.

Also, given that radius =3 We know that the equation of circle, when centre and radius is
given, is

(x=h)* +(y—k)*=r?
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= (x=0f +(y—k) =@

= x> +y?+k*—2ky=9

= x*+y?+k?-2ky-9=0 o (@)
Also the circle passes through (—3,1). Putx = —3 and y = 1 in (1), we get

(=3)* +(1)* +k* —2k (1)-9=0

9+1+k?*-2k-9=0
k?—-2k+1=0
k?—k—-k+1=0
k(k-1)-1(k-1)=0
(k-1)(k-1)=0
k—-1=0

k=1

Put this value in (1), we get

A R R

x> +y?+1°-2(1)y-9=0

= X*+y?+1-2y-9=0
= x> +y?-2y-8=0
which is the required equation of circle.

Example 61.  Find the equation of circle which touches the Y-axis with centre (—3,1).

Sol.  Given that centre of circle is (—3,1) i.e.h=—-3andy = 1.

Also the circle touches the Y-axis. Therefore r=|h|=|-3|=3
We know that the equation of circle, when centre and radius is given, is
(x=h)* +(y—k)*=r?

(x=(=3)f +(y-1)° =3
(x+3)" +(y-1) =9
X*+9+6Xx+Yy*+1-2y—-9=0

U

X*+y>+6x-2y+1=0
which is the required equation of circle.

Example 62.  Find the equation of circles if end points of their diameters are as follow:
(i) (1,5) and (3,6) (i) (1,0) and (—2,-5)
(iii) (0,0) and (8,—6) (iv) (=3,2) and (—=7,9)
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Sol.

(ii)

(iii)

(iv)

Given that end points of diameter of circle are (1,5) and (3,6).
Comparing these points with (x,, y;) and (x, , y,) respectively, we get
x;=1,y;, =5,x, =3 andy, = 6. We know that the equation of circle in diametric form

is (X=X )(x=x, )+ (y—y; )(y—y,)=0

= (x=1)(x~3)+(y~5)(y~6)=0

= X*-3x—x+3+y>-6y—-5y+30=0

= X +y? —4x-11y+33=0

which is the required equation of circle.

Given that end points of diameter of circle are (1,0) and (-2, —5).
Comparing these points with (x,, y,) and (x, , y,) respectively, we get

X1 = 1,y1=0,x2 =_2andy2=_5
We know that the equation of circle in diametric form is

(x=x )(x=%,)J+(y=y, )(y-y,)=0

(x=2)(x=(=2))+(y-0)(y—(-5))=0
(x=1)(x+2)+y(y+5)=0
X?+2X—Xx—-2+y*+5y=0

R

x> +y? +x+5y-2=0
which is the required equation of circle.
Given that end points of diameter of circle are (0,0) and (8, —6).

Comparing these points with (x,, y;) and (x, ,y,) respectively, we get
x;=0,y;, =0,x, =8andy, = —6. We know that the equation of circle in diametric form

is (x=x)(x=%,)+(y=y,)(y-Y,)=0

(x—0)(x—8)+(y—0)(y—(~6))=0
X(x—8)+y(y+6)=0
x> -8x+y’+6y=0

R A

x> +y®>—-8x+6y=0

which is the required equation of circle.

Given that end points of diameter of circle are (—3,2) and (—7,9).
Comparing these points with (x;,y;) and (x, , y,) respectively, we get

X1 =—3,y1=2,x2=—7andy2=9.
We know that the equation of circle in diametric form is

(X—Xl)(X—X2 )+(y_Y1)(y_Y2 ):0

= (x=(=3)x-(-7)+(y-2)(y-9)

=N (x+3)(x+7)+(y—-2)(y-9)

0
0
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= X®+7X+3Xx+21+y*-9y—-2y+18=0
= x> +y? +10x-11y +39=0

which is the required equation of circle.

EXERCISE - 111

1. Equation of circle with centre at (2,0) and radius 7 is:
(@ x*+4-4x+y*=14 (b) X* + 4 - 4x + y* = 49
(C)X*-4+4x +y?=49 (d) None of these
2. Equation of a circle whose centre is origin and radius v is:
(@ x*+y*+2gn+2fy+c=0 (b) x> +y?=V?
(€) X2 -2vx +y? = V2 (d)x*+y*=0
3. Equation of circle in diametric form is:
(@) (X-x1) (x-Xx2) +(y-y1) (Y-y2) =0 (b) (x - x1) (y -y1) + (X -X2) (y - y2) =0
(©) (X-y1) (x-Xx2) + (y-x1) (Y- %) =0 (d) (x-y) (x-y) +(y1-x1) (y2-x2) =0
4. Find the centre and radius of the following:
(i) 9x* + 9y? - 12x - 30y +24 = 0
(i) x*+y*-6y-24=0
(i) X2 +y?+20x-5=0
5. Find the equation of circles of their centre and radii are as follows:
(i)(8,8), 2 (ii)(6,3),6

6. Find the equation of the circle with radius 3 whose centre lies on Y-axis and passes through the
point (2, -2).

7. Find the equations of circles if end points of their diameters are as follows:

(i) (2,6)and (3,16) (i) (-1, -1) and (4, 5)

ANSWERS

1. (b) 2. (b) 3.(a)
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4.0) (%4.9)% () 03;V33 (i) (-10,0);105
5. (i) X*+Yy®—16x—-16y+124 =0 (ii) X* +y*—-12x-6y+9=0

6. X2 +y>—2(=2+4~B)y—4J/5=0; X*+y?+2(2+5)y+45=0;

7. (i) X*+y*—5x—22y+102=0(ii) X*+y*—-3x—4y-9=0

* Kk Kk Kk %k
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